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Abstract
In this paper we study and interpret a certain non-abelian cohomology Hi(B;G), 0 i 2, of a
small category B with coecients in a B-cobred categorical group G. The work is developed
in a purely abstract setting, but several examples that indicate a very close connection with
algebraic and topological problems are discussed explicitly. For instance, we obtain two new
interpretations for the Brauer group of a Galois extension of commutative rings: an algebraic
one in terms of equivalence classes of torsors over the Galois group and a topological one in
terms of homotopy classes of cross-sections for a bration over an Eilenberg{MacLane space of
type K(G; 1). c© 1999 Elsevier Science B.V. All rights reserved.
A categorical group is a monoidal groupoid in which each object has a quasi-inverse
with respect to the tensor product. Since a groupoid with only one object is just a group,
a categorical group with only one object is a group together with a second group struc-
ture, given by the tensor product, and both with the same unit. The interchange law
implies that both multiplications are equal and the group is commutative. Therefore,
categorical groups with only one object are the same as abelian groups. This paper is
concerned with a certain kind of non-abelian cohomology Hi(B;G), 0 i 2, dened
for a small category B, with coecients taken as bundles of categorical groups, in-
stead of bundles of abelian groups, i.e., B-modules, as is usual. We consider coecients
in B-categorical groups since they arise in numerous algebraic and topological prob-
lems, such as the classication of arbitrary extensions of groups, the classication of
Azumaya algebras over a commutative ring, or the classication of the cross-sections
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for a bration between CW-complexes whose bres have trivial homotopy groups in
dimensions other than 1 and 2. As we will discuss explicitly throughout the paper,
several of these problems can be established in terms of classifying torsors over a
small category B under a prescribed B-categorical group G, and then a solution is
found via the cohomology Hi(B;G).
If B is a small category, a B-torsor under a B-categorical group G is dened as
a B-cobred category [15], E
PE−! B, such that for any object A2B the bre cate-
gory EA is equivalent to the corresponding one of the categorical group GA, via a given
B-action of G on E. The set of B-torsors under G, together with the
G-equivariant B-functors and the G-equivariant B-homotopies, denes a 2-groupoid
Tors(B;G), which is studied in the rst section of the paper. Therein we include three
examples showing a very close connection with algebraic and topological matters: In
the rst one, we show that Baues’ theory of linear extensions of a small category B
by a B-module, [2, 3], is a particular case of the theory of categorical torsors, when
the appropriate coecients are taken. In a second example, we consider a Galois ex-
tension of commutative rings, S=R, with group G=Gal(S=R), and the G-categorical
group of the invertible S-modules Pic(S), dened by Frohlich and Wall in [13] (un-
der the terminology of a G-graded monoidal category). Then we explain how every
Azumaya R-algebra containing S as a maximal commutative subalgebra, A, has an as-
sociated G-torsor, A, such that A 7!A induces a bijection between the relative Brauer
group, Br(S=R), and the set of equivalence classes of G-torsors under Pic(S). In a
third example, we associate a topological space X , together with subspaces BAX ,
and a set of base points S B, with a cobred categorical group over the fundamental
groupoid of B on the set S, 1(B; S), which we call the Whitehead cobred categori-
cal group of (X; A; B; S) and denote by W (X; A; B; S). When X is a CW-complex with
k-skeleton X k , k  0, the categorical group bre of W (X; X 1; X 1; X 0) over a point
2X 0 is monoidal equivalent to the strict categorical group dened by the White-
head crossed module 2(X; X 1; )! 1(X 1; ) [36]. These cobred categorical groups
over groupoids are closely related to other recent constructions such as the homotopy
bigroupoid of a topological space, studied by Hardie, Kamps and Kieboom in [16],
or the Whitehead 2-groupoid of a triad (X; A; S), studied by Moerdijk in [27]. In this
example we show a non-trivial torsor over a Whitehead cobred categorical group.
Section 2 is dedicated to the cohomological classication of B-torsors under a
B-categorical group G, which is done extending the Schreier analysis of extensions of
groups, such as Breen in [5], Ulbrich in [33] or Carrasco{Cegarra in [9] did to solve
similar classication problems. We then explain a factor set theory for categorical
torsors and conclude that the 2-groupoid Tors(B;G) is equivalent to a cohomological
2-groupoid Z2(B;G), whose homotopy groups, in the sense of [27] or [22], are used
to dene the cohomology sets Hi(B;G) for i=0; 1; 2. These cohomology sets are de-
scribed in terms of factor sets or 2-cocycles, derivations or invariant elements. In this
section we include several examples, showing the relationship between this cohomology
theory and many other more classic ones such as the Eilenberg{MacLane cohomology
of groups, the Dedecker non-abelian cohomology of groups [12], the Andre, Roos or
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Watts cohomology of small categories [1, 29, 35], the Frohlich{Wall cohomology of
graded group-like categories [13], and the Hattory{Ulbrich [17] or Villamayor{Zelinsky
cohomology of commutative ring extensions [34].
An equivalence of small categories B’B0, or a monoidal B-equivalence of B-
categorical groups G0’G, induces an isomorphism in cohomology. Furthermore, a
short exact sequence of B-categorical groups G0!G!G00, in the sense dened in
Section 3, induces a nine-term exact sequence of groups and pointed sets   Hi(B;G)
!Hi(B;G00)!Hi+1(B;G0)!   , which, for example, reduces to the well-known
Chase{Harrison{Rosenberg six-term exact sequence [11], 0!H 1(G;U (S))! Pic(R)!
Pic(S)G!H 2(G;U (S))!Br(S=R)!H 1(G; Pic(S)), associated to a Galois extension
of commutative rings S=R with group G, when a particular adequate short exact se-
quence of G-categorical groups is taken.
The last section is dedicated to the topological signicance of the classication of
the B-torsor under a B-categorical group G by the cohomology set H2(B;G). This is
carried out in the same way in which classes of singular group extensions of a group
G by a G-module M are classied by the cohomology group H 2(G;M). They are then
shown in one-to-one correspondence with bre homotopy classes of cross-sections of
the split bration K(M; 2) ,! L(MG; 2)K(G; 1).
We associate to each B-categorical group G a simplicial set, termed its nerve and
denoted by Ner(G;PG;⊗), and a Kan-bration over the simplicial set nerve of the
category B, ’ :Ner(G;PG;⊗)!Ner(B). This bration is canonically split by a cross-
section s :Ner(B)!Ner(G;PG;⊗), and its bre ’−1(A), over any object A2B, is
isomorphic to the simplicial set Ner(GA;⊗), nerve of the categorical group bre of
G over A [10]. Therefore, each bre ’−1(A) is a Kan complex with the homotopy
type of the bre categorical group GA. Our main result here proves the existence of a
bijection between the cohomology set H2(B;G) and the set  [Ner(G;P;⊗)=Ner(B)]
of bre homotopy classes of cross-sections for ’. We conclude with some examples,
after performing the geometric realizations to go to the setting of CW-complexes.
1. Cobred categorical groups and torsors
Let us begin by recalling some terminology about (Grothendieck) cobred cate-
gories [15].
When given a functor PE :E!B, category E is called a B-category and PE the
projection functor. A B-functor from a B-category D to a B-category E is a func-
tor T :D!E such that PET =PD, and a B-natural transformation from a B-functor
T :D!E to a B-functor R :D!E is a natural transformation  : T !R such that for
any object 2D, PE()= 1PD().
Let E be a B-category. For any object B2B, EB denotes the bre category over
B: its objects, called B-objects, are the elements of P−1E (B); its morphisms, termed
B-morphisms, are the elements of P−1E (1B). More generally, if b :B!C is a morphism
in B, a morphism in E, f : ! , such that PE(f)= b is called a b-morphism. If 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is a B-object and  is a C-object, Homb(; ) denotes the set of all b-morphisms from
 to .
If b :B!C is a morphism in B, a b-morphism f : !  is deemed cocartesian
if for any other b-morphism whose source is , f0 : ! 0, there exists a unique
C-morphism g : ! 0 such that f0= gf; that is, f is cocartesian if for any C-object
0, the map f :HomC(; 0)!Homb(; 0) is bijective.
The B-category E is called a cobred category (or PE a cobration) provided
that for any morphism b :B!C in B, and any B-object  there exists a cocartesian
b-morphism with source  and, moreover, the composition of the cocartesian morphisms
is again cocartesian.
For B-categories E and D, DB E denotes the cartesian product of (PD;PE), which
is obviously a B-category that is cobred if and only if D and E are.
Monoidal categories and, in particular, categorical groups have been studied exten-
sively in the literature and we refer to [24, 30, 20, 23] or [31] for the background.
A B-monoidal category G=(G;PG;⊗; a; I; l; r) consists of a B-cobred category
PG :G!B, two B-functors
⊗ :GBG!G; I :B!G (1)
and B-natural equivalences
a : −⊗ (−⊗−) −! (−⊗−)⊗−;
l : IPG(−)⊗− −! idG; r : −⊗ IPG(−) −! idG;
(2)
such that for any A-objects X; Y; Z; T 2GA, A2B, the following diagrams commute:
When B=  is the trivial category with only one object and only one morphism, a B-
monoidal category is a monoidal category in the usual sense. If G is a group regarded
as a category with only one object and whose morphisms are the elements of G,
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a G-monoidal category is exactly a stably graded monoidal category over the group
G in the sense of [13].
In a monoidal category, an object X is 2-regular if the functors Y 7!X ⊗ Y and
Y 7! Y ⊗ X are equivalences. A categorical group is a monoidal category in which
every arrow is invertible, i.e., it is a monoidal groupoid, and every object is 2-regular
[30, 31]. In a monoidal groupoid, the necessary and sucient condition that every object
be regular is that for any object X , there exist another object X  and an isomorphism
X ⊗X  −! I [30].
If G is a B-monoidal category, for any object A of B, the tensor product and the
associativity and unit constraints restrict to the bre category over A, so that every bre
category GA=(GA;⊗; a; IA; l; r) is a monoidal category. When every bre category GA,
A2B, is a categorical group, we say that G is a B-categorical group. Let us note
that then, G is a B-category cobred in groupoids and, by [15], every morphism in G
is cocartesian.The B-categorical group G is deemed to be strict if the isomorphisms
(2) are identities and the objects of every bre category form a group.
Example 1 (The categorical group dened by a B-module). Let B be a small cate-
gory and M any left B-module, i.e., M :B!Ab is a covariant functor from B to the
category of abelian groups. Then M carries an object A2B to MA=M (A) and carries
a morphism b : A ! B in B to the induced homomorphism b(−) : MA!MB, x 7! bx,
and we have the identities
b(x + y)= bx + by; 1x= x; c(bx)= cbx
when they make sense.
Any left B-module M denes a strict B-categorical group, which we term the semidi-
rect product, MB=(MB; pr;⊗; id; I; id; id) as follows: Category MB has the
same objects as B, and a morphism in MB is a pair (x; b) :A!B, where b :A!B
is a morphism in B and x2MB. The composition is dened by
(y; c)(x; b)= (y + cx; cb)
and the projection functor is pr(x; b)= b. The B-tensor product is given by
(x; b)⊗ (y; b)= (x + y; b)
and the unit B-functor I :B!MB is Ib=(0; b) for any morphism b :A!B in B.
Example 2 (The Picard G-categorical group). Let G be a group operating on a com-
mutative ring S by ring automorphisms.
For an S-module M and each 2G, let M denote the S-module which is the
same abelian group as M with action from S by s  x= −1(s)x; s2 S; x2M . Every
2G yields an equivalence SM! SM, M 7! M , f 7! f, and we make identications
such as (M)= ()M and (M ⊗S N )= M ⊗S N and the corresponding ones for
homomorphisms.
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In [13], the G-categorical group (G-graded monoidal category in their terminology)
of invertible S-modules is dened, which we denote here as Pic(S)G=(Pic(S)G;
P;⊗S ; a; S; l; r), whose objects are the invertible S-modules, i.e., those nitely genera-
ted projective S-modules with constant rank 1. An arrow P!Q is a pair (f; ) where
2G and f :P! Q is an isomorphism of S-modules. The composition is dened by
(g; )(f; )= (gf; ), and the projection functor by P(f; )= . The G-tensor product
is given by the tensor product of modules over S
(P
(f;)−−!Q)⊗S (P0
(f0 ; )−−!Q0)= (P ⊗S P0
(f⊗Sf0 ; )−−−−−!Q ⊗S Q0)
and the unit G-functor S :G!Pic(S)G is dened by S1 = S and S=
(−1; ) : S! S, where −1 : S! S is the S-isomorphism dened by −1. The as-
sociativity and unit constraints are as usual for the tensor product of modules
(P ⊗S Q)⊗S T =P ⊗S (Q ⊗S T ); P ⊗S S =P= S ⊗S P:
Note that the bre category (over the unique object 12G) is the categorical group of
rank one projective S-modules Pic(S)= (Pic(S);⊗S ; a; S; l; r), where the dual module,
P=HomS(P; S), is an inverse of each invertible S-module P. Then, the Picard group,
Pic(S), is the group of connected components of Pic(S) and for any invertible
S-module P AutPic(S)(P) = U (S), the group of units of S.
Example 3 (The cobred Whitehead categorical group). Let 1(Y; Z) denote the
fundamental groupoid of a topological space Y on a set of base points Z Y , i.e.,
the full subgroupoid of the fundamental groupoid of Y , 1(Y ), whose objects are the
points y2Z ; and let S1 = I=@I , @I = f0; 1g, denote the 1-dimensional sphere based on
= 0= 1. Let X be a topological space, BAX two subspaces and S B a set of
(base) points. We consider the space
(X; B)(S
1 ;) = f! : S1!X=!()2BgX S1
with the induced topology, the subspace (A; S)(S
1 ;) (X; B)(S1 ;) and the relative track
groupoid [6],
W (X; A; B; S)=1((X; B)(S
1 ;); (A; S)(S
1 ;)): (4)
Thus, W (X; A; B; S) is a groupoid whose objects are those loops in A based on points
of S, and whose arrows are equivalence classes of maps from the cylinder to X ,
 : S1 I!X , which map S1 @I into A,  I into B and  @I into S. Two such
maps ;  : S1 I!X are equivalent if they are homotopic by a homotopy h : S1 I 
I!X , which maps  I 2 into B such that h=S10I = =S10 = =S10 and h=S11I =
=S11 = =S11. The domain and codomain of a morphism [] are given by restriction
to S1 0 and S1 1 respectively, and the composition is given by the usual vertical
composition of homotopies.
Now, there is a cobration ( bration) of groupoids
P :W (X; A; B; S)!1(B; S)
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induced by the evaluation on  map, (X; B)(S1 ;) −! B, ! 7!!(); and so W (X; A; B; S)
is a cobred groupoid over the fundamental groupoid 1(B; S). Furthermore, the
cogroup structure of S1 induces a 1(B; S)-tensor product
W (X; A; B; S)1(B; S)W (X; A; B; S) ⊗−! W (X; A; B; S)
given on objects by the concatenation of loops, and on morphisms by the horizontal
composition of homotopies; and there is a unit 1(B; S)-functor
I :1(B; S)!W (X; A; B; S)
induced by the map I :B! (X; B)(S1 ;) that carries each point x2B to the constant loop
based on x, Ix(t)= x, 0 t 1.
In this way, we have described the structure of a 1(B; S)-categorical group
W (X; A; B; S)= (W (X; A; B; S);P;⊗; a; I; l; r)
for which the constraints a; l and r are dened to be the equivalence classes of the
respective standard homotopies proving the associativity and unit of the loop compo-
sition, a :!⊗ (!0⊗!00)! (!⊗!0)⊗!00, r :! ⊗ Ix!! and l : Ix ⊗!!!. Explicit
formulae are given in [32]. Note that W (X; A; B; S) is actually a 1(B; S)-categorical
group since for any loop ! : (S1; )! (A; S), there exists the reverse path !−1, i.e.,
!−1(t)=!(1− t), and a !()-morphism in W (X; A; B; S), !⊗!−1 −! I!().
We term W (X; A; B; S) the cobred Whitehead categorical group of (X; A; B; S).
Remark 4. For a CW-complex X with k-skeleton X k; k > 0, and each point x0 2X 0,
the categorical group W (X; X 1; X 1; X 0)x0 bre of W (X; X
1; X 1; X 0) over x0 is equivalent
to the strict categorical group dened by the Whitehead crossed module 2(X; X 1; x0)!
1(X 1; x0) [36], according to the well-known equivalence between the category of
crossed modules and the category of strict categorical groups [7, 20].
Remark 5. A bigroupoid is a bicategory in the sense of Benabou [4], such that the
2-cells are strictly invertible and the 1-cells are invertible up to coherent isomorphism
[16]. The category of bigroupoids is equivalent to the category of categorical groups
cobred over groupoids (we are unaware of whether this equivalence appears in the
literature), and the bigroupoid corresponding to W (X; X; X; X ) is just the homotopy
bigroupoid of a topological space X , (X ), as dened in [16].
Remark 6. In [27], the Whitehead 2-groupoid of a topological space X relative to sub-
spaces S AX is dened. The category of 2-groupoids is equivalent to the category
of strict categorical groups cobred over groupoids, and the strict categorical group
corresponding to Moerdijk’s Whitehead 2-groupoid is equivalent to our W (X; A; A; S)
if 2(A; x) = 0 = 1(X; A; x) for all base point x 2 S.
114 A.M. Cegarra, L. Fernandez / Journal of Pure and Applied Algebra 143 (1999) 107{154
Let us now assume that G=(G;PG;⊗; a; I; l; r) and H=(H;PH;⊗; a; I; l; r) are
B-categorical groups. A B-homomorphism T =(T; ) :G!H is a B-functor T :G!H
together with a B-natural equivalence
=(X;Y : T (X ⊗Y ) −! T (X )⊗T (Y )) (5)
such that for any object A2B and any A-objects X; Y; Z 2GA the diagram in HA
is commutative.
If T :G!H is a B-homomorphism, there exists a unique B-natural equivalence
0 : TI
−! I (7)
such that the diagrams
commute (see [30]) for any object A of B and any A-object X of G.
If T; T 0 :G!H are two B-homomorphisms, a B-homotopy (or B-morphism)
h : T ! T 0 is a B-natural equivalence h=(hX : T (X )! T 0(X )) such that for any A2B
and any A-objects X; Y of G, the diagram
is commutative. Thus, for every category B, we have a 2-category, whose objects are
the B-categorical groups, whose arrows are the B-homomorphisms and whose 2-arrows
or deformations are the B-homotopies.
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Now, let us assume B a category, G=(G;PG;⊗; a; I; l; r), a B-categorical group
and E=(E;PE) a B-category.
A B-action of G on E consists of a B-functor GB E ac−! E, (X; ) 7! X , together
with B-natural isomorphisms
=(X;Y;  : X⊗Y 
−! X (Y )); 0 = (0;  : IP() −! ) (10)
such that for any object A of B; A-objects X; Y of G and A-object  of E, the diagrams
(in the bre category EA)
commute.
When B= , a B-action of G on E is an action of the categorical group G on the
category E in the more usual sense of [19]. If G is a strict B-categorical group and
the isomorphisms (10) are identities, the B-action is strict.
If we have a B-action of G on E, for any object A of B it is clear that this
restricts to an action of the bre categorical group GA on the bre category EA. As
every object X 2GA is 2-regular, i.e., it is invertible, this determines an equivalence
X (−) :EA!EA;  7! X ; and every A-morphism u :X ! Y in G determines a natural
equivalence (u : X  −! Y ) between X (−) and Y (−).
Let us assume that the B-categorical group G acts on two B-categories E and D.
A G-equivariant B-functor T =(T; ) :E!D is a B-functor T :E!D together with
a B-natural equivalence
=(X; : T (X )
−! X T ()) (12)
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such that, for any object A of B, any A-objects X; Y of G and any A-object  of E,
the diagrams
are commutative.
If T; T 0 :E!D are G-equivariant B-functors, a G-equivariant B-homotopy h : T !
T 0 is a B-natural transformation such that for any A2B and any A-objects X of G
and  of E, the diagram
T (X )
−−−−−! X T ()
h
?????y X h
?????y
T 0(X )
−−−−−!X T 0()
(14)
is commutative.
It is easy to establish that for any category B and any B-categorical group G we
have a 2-category whose objects are the B-categories endowed with a B-action of G,
whose morphisms are the G-equivariant B-functors and whose deformations are the
G-equivariant B-homotopies.
Denition 7. Let B be a category and G=(G;PG;⊗; a; I; l; r) a B-categorical group.
A pseudo-torsor over B under G, or a B-pseudotorsor under G, is a B-category
E=(E;PE) endowed with a B-action of G which is simply transitive in the sense
that the induced functor GB E (ac;pr)−! EB E is a B-equivalence of B-categories.
The proposition below characterizes pseudo-torsors in several dierent ways.
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Proposition 8. Let us assume that a B-categorical group G acts on a B-category E.
The following statements are equivalent:
(i) E is a pseudo-torsor.
(ii) (a) For any object A2B and any two A-objects ;  of E; there exist an
A-object X of G and an A-isomorphism X  −! .
(b) For any morphism b :A!B in B; any b-morphism f : !  in E; any
A-object X of G and any B-object Y of G the map Homb(X; Y )!Homb(X ;
Y ); u 7! uf is a bijection.
(iii) Every morphism in E is cocartesian and for any object A of B and any A-
object  of E; the functor  :GA!EA; X 7! X  establishes an equivalence between
the bre categories over A.
(iv) Every morphism in E is cocartesian and for any object A of B; either the bre
category EA is empty or there exists an A-object  of E such that  :GA!EA is an
equivalence.
Proof. The functor GB E (ac;pr)−! EB E; (X; ) 7! (X ; ) is full and faithful if for
any two objects (X; ); (Y; )2GB E the map
HomGB E((X; ); (Y; ))!HomEB E((X ; ); (Y ; ))
(u; f) 7! (uf; f) is bijective. Suppose X;  A-objects and Y;  B-objects, then HomGBE
((X; ); (Y; )) is the disjoint union of the sets Homb(X; Y )Homb(; ), in the same
way that HomEB E((
X ; ); (Y ; )) is for the sets Homb(X ; Y )Homb(; ). Then
(ac; pr) is full and faithful if and only if, for any b :A!B and any b-morphism
f : ! , the map Homb(X; Y )!Homb(X ; Y ); u 7! uf, is a bijection, i.e., condition
(b) in (ii) holds.
Let us now recall [15] that a B-functor between B-categories is a B-equivalence if
and only if it is full and faithful and its restrictions to the bre categories are dense.
Then, (ac; pr) will be a B-equivalence if and only if condition (b) in (ii) is veried and
moreover for any object A of B the restriction functor (ac; pr)A :GAEA!EAEA
is dense. If this is the case and ;  are two A-objects, (X; )2GAEA and an isomor-
phism (f; g)2EAEA; (f; g) : (X ; ) −! (; ) will exist. This means that f and g are
two A-isomorphisms, f : X  −! ; g :  −! . Then the composed X  (
X g)−1−! X  f−!  is
an A-isomorphism and property (a) in (ii) holds. Conversely, if we have an
A-isomorphism f :X  −!, the pair (f; 1):(X ; )!(; ) is an isomorphism in EAEA
and the density of the functor (ac; pr)A follows from (a). We then have the equivalence
between (i) and (ii).
Now suppose that E is a pseudo-torsor. If A is an object of B and  is an A-object,
the map HomA(X; Y )!HomA(X ; Y ); u 7! u, is a bijection for any A-objects X; Y of
G, due to condition (b) in (ii); so  :GA!EA is full and faithful. Moreover, it is
dense due to (a), and is therefore an equivalence of categories. To prove (iii), it only
remains to observe that every morphism in E is cocartesian.
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Let f : !  be a b-morphism in E, with b :A!B and let 0 be any B-object. Let
us choose a B-isomorphism g : X ! 0 for a B-object X of G. These exist given (a)
in (ii); and let us consider the canonical isomorphisms 0 : IA
−!  and 0 : IB −! 
also. We have the commutative diagram
HomB(IB; X )
(1)−−−−−!

HomB(IB; X )
g0−−−−−!

HomB(; 0)
(Ib)

?????y
?????y (Ibf)
?????y f
Homb(IA; X )
(2)−−−−−!

Homb(IA; X )
0g−−−−−!Homb(; 0)
where (1) is the bijection u 7! u and (2) is the bijection v 7! vf. Since every mor-
phism in G is cocartesian, (Ib) is a bijection, and consequently f is also, i.e, f is
cocartesian.
We now prove that (iii)) (ii). Condition (a) is clear. To prove (b), let b :A!B be
a morphism in B; f : !  a b-morphism in E; X an A-object of G, and Y a B-object
of G. Since the projection PG :G!B is a cobration, a b-morphism will exist with
source X; u :X ! Y 0, yielding the commutative square
HomB(Y 0; Y )
u−−−−−!

Homb(X; Y )?????y 
?????y (−)f
HomB(Y
0
; Y )
(uf)−−−−−!

Homb(X ; Y )
where the horizontal maps are bijections since both u and uf are cocartesian, and
 :GB!EB is an equivalence. Therefore, the remaining vertical arrow is a bijection
and (ii) is proved.
Finally, we prove that (iv)) (iii). Let us assume that  is an A-object in E such
that  :GA!EA is an equivalence, and let  be another A-object. Then there exists
an A-object Y of G and an A-isomorphism f : Y  −!  and we nd an equivalence
X⊗Y  −! X (Y ) −! X  between the functor (−⊗Y ) and 
Since −⊗Y is a self-equivalence in GA, we conclude that  is also.
Now we want to dene the notion of torsor. First, we note the following corollary,
which is a simple consequence of the previous proposition.
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Corollary 9. Let us assume that the B-category E is a pseudotorsor under the
B-categorical group G. Then the following statements are equivalent:
(i) The projection functor PE :E!B is surjective on morphisms.
(ii) PE is a cobration and is surjective on objects.
(iii) PE is surjective on objects and is a precobration; i.e.; for any morphism in
B; b :A!B; and any A-object  of E; there exists a b-morphism with source .
Proof. Since every morphism in E is cocartesian, the equivalence between (ii) and
(iii) is clear, and both (ii) and (iii) imply (i). Let us assume that (i) holds. Then, PE
is surjective on the identities and therefore on the objects. If b :A!B is a morphism
in B and  is an A-object, let us consider f : !  to be any b-morphism. Since ; 
are A-objects because of Proposition 8(ii) (a), there exist an A-object X of G and an
A-isomorphism g : ! X . On the other hand, since PG :G!B is a cobration, there
exists a b-morphism with source X; u :X ! Y . Then, the composition  g−! X 
uf−! Y 
is an b-morphism with source . Therefore (i)) (iii).
Denition 10. A pseudo-torsor (E;PE :E!B) over a category B under a B-categorical
group G is called a torsor if the projection functor PE is surjective on morphisms, or
equivalently E is a cobred B-category with no empty bres.
If G is a strict B-categorical group, the torsor E is deemed strict if the B-action
of G on E is strict and the B-equivalence GB E −!EB E is an isomorphism.
Note that in the particular case in which B is a groupoid, or for example a group,
every cobred category over B is a groupoid too (since a cocartesian morphism over
an isomorphism is also an isomorphism [15]) and so the condition of every morphism
being cocartesian will always be guaranteed. Therefore, if B is a groupoid and G is
a B-categorical group (then it is a groupoid too), a torsor over B under G consists of
a groupoid E together with a surjection P :E!B and a B-action GB E!E such
that for any object A of B and any A-object  of E;  :GA!EA; X 7! X  establishes
an equivalence between the bre categories over A.
Given a B-categorical group G, if E;D are two torsors over B under G, by
a morphism of torsors from E to D we mean a G-equivariant B-functor T :E!D.
If T; T 0 :E!D are two morphisms of torsors, by a homotopy h : T ! T 0 we mean
a G-equivariant B-homotopy between them.
We can easily establish that we have a 2-category Tors(B;G), whose objects are
the torsors over B under G, whose morphisms are the morphisms of torsors and whose
deformations are the homotopies between morphisms.
Proposition 11. For any category B and any B-categorical group G; Tors(B;G)
is a (weak) 2-groupoid; i.e.; every homotopy is invertible and every morphism is
homotopically invertible.
Proof. In a torsor over B under G, the bres are groupoids. Therefore, every morphism
over an identity of B is an isomorphism, and then every B-natural transformation
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between two morphisms of torsors is a B-natural equivalence. In particular, it easily
follows that every homotopy between two morphisms of torsors is invertible.
Let us now assume that T =(T; ) :E!D is a morphism of torsors over B under G,
and let us note that there exist T 0 :D!E and homotopies TT 0’ id; T 0T ’ id . Let
us begin by observing that T :E!D is a B-equivalence of B-categories. Since, as
much as in E as in D, every morphism is cocartesian, see [15], it is enough to note
that for any object A2B, the restriction of T to the bres TA= T=EA :EA!DA is an
equivalence. However, since EA is not empty, there will be an A-object 2E, and we
have the diagram of functors
where ; T () are equivalences by Proposition 8(iii). Since the natural A-isomor-
phisms X; : T (X )! X T () are given, it follows that the functors TA   and T () are
naturally equivalent and consequently that TA is an equivalence.
This means that T :E!D is a B-equivalence and, therefore, there exists a
B-functor T 0 :D!E and B-natural equivalences h : TT 0 −! idD and h0 : T 0T −! idE
such that T 0h= h0T 0 and Th0= hT 0. Now we note that T 0 can be provided in a unique
way with a G-equivariant B-functor structure such that h and h0 are G-equivariant B-
homotopies, by means of the isomorphisms 0 : T 0(X 0) −! X T 0(0), which make the
following diagrams commutative in the corresponding bre category:
As a consequence of the above proposition, the existence of a torsor morphism E!E0
determines an equivalence relation between the torsors over B under G and, in this
case, we normally say that E; E0 are equivalent torsors. Then, Tors[B;G] will denote
the set of equivalence classes of torsors over B under the B-categorical group G, i.e.,
the set of connected components of the 2-groupoid Tors(B;G).
Let us note that the 2-groupoid Tors(B;G) is pointed for the so-called trivial tor-
sor Gtr , which is given by the same B-categorical group G (remember the projection
functor PG :G!B is a surjective cobration) endowed with the B-action of G over
itself dened by the tensorial multiplication by the left ac=⊗ :GBG!G, i.e.,
X Y =X ⊗Y .
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The following proposition characterizes the torsors equivalent to the trivial one:
Proposition 12. A torsor E over B under G is equivalent to the trivial Gtr if and only
if it splits; i.e.; the projection functor PE :E!B admits a section S :B!E; PES= id.
Proof. The trivial torsor Gtr is clearly split by the unit functor I :B!G, and then
any B-torsor equivalent to it is also split. Conversely, suppose that E is a B-torsor
under G split by a functor S :B!E. Then we have a B-functor T :G!E dened
by the composition G (1;PG)−! GB B 1 S−!GB E ac−!E. That is, if X is an A-object
of G; T (X )= X S(A), which is made G-equivariant by the B-isomorphisms T (X Y )=
T (X ⊗Y )= (X⊗Y )S(A)= X (Y S(A))= X T (Y ). Therefore, E is equivalent to the trivial
torsor.
Therefore, Tors[B;G] is a pointed set due to the class of splitting torsors.
We now conclude this section showing some examples of torsors under cobred
categorical groups.
Example 13. (Baues linear extensions of small categories and singular group exten-
sions). Let B be a small category and M any left B-module. According to [2, 3],
a category E is said to be a linear extension of B by M , and is written as
M +E
P
B (15)
if the following hold:
(a) E and B have the same objects and P is a full functor, which is the identity
on objects.
(b) For each morphism b :A!B in B, group MB acts simply and transitively on the
set of b-morphisms P−1(b)=Homb(A; B)E. For each x2MB and each b-morphism
f, we denote by xf the action of x on f.
(c) The action satises the linear distributivity law ygxf= (y+
cx)(gf), for any pair of
composable morphisms A b−!B c−!C in B, any c-morphism g; b-morphism f; x2MB
and y2MC .
What we would like to point out here is that a linear extension of B by M; M +
E
P
B, is the same as a strict torsor over B under MB, for which P :E!B is
the projection functor and the B-action (MB)B E ac−!E is given by (x;b)f= xf,
for any (x; b) :A!B in MB and any b-morphism f :A!B in E. The condition
(c) of linear extension says that ac is a functor, and then both (a) and (b) show that
E is actually a torsor (Proposition 8(ii)) and Corollary 9.
If Lin[B; M ] denotes the set of equivalence classes of linear extensions of B by M ,
we have an inclusion map Lin[B; M ] ,!Tors[B; MB] which is indeed a bijection:
Recall that a B-category is B-skeletal when, for any object A2B, two A-isomorphic
objects are equal, i.e., when all bre categories are skeletal categories. Every B-
category is B-equivalent to a B-skeletal one.
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If E is a torsor over a category B under a B-categorical group G, and T :E!E0 is
a B-equivalence, then we can transport along T the B-action of G on E to a unique
torsor structure on E0 such that T becomes a torsor morphism. In particular, every
B-torsor E is equivalent to a B-skeletal one.
Now, suppose E is a B-skeletal torsor under MB, with projection functor P :E!
B. For any object A2B, the bre category EA is equivalent to (MB)A=MA, the
abelian group MA regarded as a category with only one object, so EA has only one
object, which we can identify with A. Then we can suppose that E and B have the
same objects and P is the identity on objects, and therefore that E is a linear extension
of B by M . Thus,
Lin[B; M ]=Tors[B; MB]:
Let us note that if B=G, a group regarded as a category with only one object, and
M is a G-module, regarded as a functor M :G!Ab, then the set Lin[G;M ] can be
identied easily with the set Ext[G;M ] of all equivalence classes of group extensions
0!M !E!G! 1 of G by the G-module M . On the other hand, MG is the
usual group semidirect product of G and M , regarded as a category with only one
object, and then
Ext[G;M ]=Tors[G;MG]
for any group G and any G-module M .
Example 14 (The torsor dened by an Azumaya algebra). Let G be a group operat-
ing on a commutative ring S by ring automorphisms.
The main object of this example is to explain how, when S is a nite Galois exten-
sion of R= SG = fs2 S j (s)= s 82Gg, every Azumaya R-algebra A containing S as
a maximal commutative subalgebra has an associated G-torsor under Pic(S)G; A;
such that, for example, End
R
(S)=Pic(S)G, the trivial torsor. Actually, the map
A 7!A induces a bijection
Br(S=R) −!Tors(G;Pic(S)G) (16)
between the Brauer group of Azumaya R-algebras, for which S is a splitting ring, and
the set of equivalence classes of torsors over G under Pic(S)G (see Example 27).
Let us note that if Pic(S)= 0, the G-categorical group Pic(S)G is equivalent
to AutPic(S)(S)G=U (S)G, the G-categorical group dened by the G-module of
units U (S), and then Tors(G;Pic(S)G)=Ext(G;U (S)). Thus, (16) generalizes the
well-known isomorphism Br(S=R)=Ext(G;U (S)) when Pic(S) is trivial.
Let A be an Azumaya R-algebra containing S as a maximal commutative subalgebra.
Since A, and therefore its opposite algebra A, is split by S and is an S-progenerator, we
have an isomorphism of R-algebras S ⊗R A=HomS(A; A), and a Morita equivalence
−⊗S A : SM! S⊗RAM, with quasi-inverse functor HomS⊗RA(A;−), equivalent to the
functor M 7!MS = fm2M j sm=ms 8s2 Sg. Then, for any S ⊗R A-module there is
an isomorphism of S ⊗R A-modules MS ⊗S A=M; x⊗ a 7! xa.
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Now, for each 2G we let A=(A)S = fa2A j −1(s)a= as 8s2 Sg. Then, A⊗S
A= A as S ⊗R A-modules and a count of ranks shows that A 2Pic(S). We ob-
serve that A1 = S and that for any two ; 2G there is an isomorphism of S-modules
’; : A⊗S A!A, with ’;(a⊗ b)= ab (we can easily check that ’;⊗S A is an
isomorphism). We use the invertible S-modules A and the isomorphisms ’; to build
a torsor over G under Pic(S)G; A, as follows:
The objects of A are the invertible S-modules, so A and Pic(S)G have the
same objects. An arrow P!Q is a pair (f; ) where 2G and f :P! Q⊗S A
is an isomorphism of S-modules. The composition of two arrows (f; ) :P!Q and
(g; ) :Q! L is ((1⊗’;)(g⊗ 1)f; ) :P! L, according to the composition of the
S-isomorphisms
P
f−!Q⊗S A
g⊗1−! L⊗S A⊗A 1⊗’; −! L⊗S A:
It is easy to see that such a composition is associative, and for any invertible
S-module P, the corresponding identity in A is the pair (1P; 1) :P!P, where 12G
is the identity automorphism of S, and 1P :P!P⊗S S is the isomorphism x 7! x⊗ 1.
So, A is a groupoid which furthermore is cobred over G by the projection functor
P :A!G, P(f; )= .
Moreover, there is a G-action of Pic(S)G on A, (Pic(S)G)G A ac−! A,
given by the left tensor product of S-modules, i.e., PQ=P⊗S Q on objects, and
(f;)(g; )= (f⊗ g; ), or more explicitly (P f−! Q)(P0 g−! Q0⊗S AS)= (P⊗S P0 f⊗ g−!
(Q⊗S Q0)⊗S A), on morphisms. Plainly, ac is a functor, dening a G-action for
which the constraints (10) are again the usual isomorphisms of associativity and unity
for the tensor product of modules. Indeed, A is a G-torsor under Pic(S)G, since the
functor P 7! PS =P⊗S S, S :Pic(S)!A1, clearly establishes an equivalence between
Pic(S) and the bre category of A over the only object 12G.
Example 15 (A torsor under the cobred Whitehead categorical group). Now we
wish to describe a non-trivial torsor under a cobred Whitehead categorical group.
First, we need to make some observations about the fundamental groupoid of spaces.
It is well known [6] that a bration of spaces p :X ! Y induces a bration (
cobration) of groupoids 1(X )
1(p)−! 1(Y ). If y0 2Y is any base point, we can
consider the bre space Xy0 =p
−1(y0) and its fundamental groupoid 1(Xy0 ). In
addition, we have the bre groupoid of 1(p) over y0, regarded as an object of
1(Y ), 1(X )y0 =1(p)
−1(y0). Below, we note that, under some conditions, the two
groupoids, the fundamental groupoid of the bre space and the bre groupoid of the
fundamental groupoid, are the same.
Proposition 16. (i) The functor 1(Xy0 )
i−! 1(X )y0 ; induced by the inclusion map
Xy0 ,!X; produces a bijection between the corresponding sets of connected compo-
nents.
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(ii) If for any x0 2Xy0 the homomorphism 2(X; x0)! 2(Y; y0) is surjective; then
i :1(Xy0 )!1(X )y0 is an isomorphism.
Proof. Since i is the identity map on objects, it is clear that the induced map on the
set of connected components is surjective. Suppose x0; x1 2Xy0 represent the same iso-
class in 1(X )y0 , i.e., there exists a path ! : I!X with !(0)= x0 and !(1)= x1, and
a homotopy h : I  I! Y with h=I  0 =p! and constantly y0 along the other edges
I  1, 0 I and 1 I . Then, the square
where g is dened by g(0; u)= x0, g(1; u)= x1 and g(t; 0)=!(t), is commutative
and there exists a diagonal H : I  I!X . Let !0=H=I1 : I!X ; then !0(0)= x0,
!0(1)= x1 and p!0(t)= h(t; 1)=y0, i.e., !0 is a path in Xy0 from x0 to x1; so that x0
and x1 also represent the same iso-class in 1(Xy0 ).
To prove (ii), it is enough to observe that for any x0 2Xy0 the inclusion map induces
an isomorphism Aut1(Xy0 )(x0)
= Aut1(X )y0 (x0) between the corresponding groups of
automorphisms. Now, for such an x0, there are two exact sequences of groups,
1−!Aut1(X )y0 (x0)
i−! Aut1(X )(x0)
p−! Aut1(Y )(y0)
and
2(X; x0)
p−! 2(Y; y0)−! 1(Xy0 ; x0) i−! 1(X; x0)
p−! 1(Y; y0)
the rst induced by the bration of groupoids 1(p) [6], and the second by the -
bration p. Since Aut1(X )(x0)= 1(X; x0), Aut1(Y )(y0)= 1(Y; y0) and Aut(Xy0 )(x0)=
1(Xy0 ; x0), then Aut1(Xy0 )(x0)
=Aut1(X )y0 (x0), if and only if, i : 1(Xy0 ; x0)! 1(X; x0)
is injective or, equivalently, if and only if p : 2(X; x0)! 2(Y; y0) is surjective.
The above proposition can be used to determine the categorical group bres of co-
bred Whitehead categorical groups. For example, let W (X; B)=W (X; X; B; B)=
1((X; B)(S
1 ;)) be the Whitehead categorical group dened by a pair of spaces (X; B),
which is cobred over the fundamental groupoid 1(B), with a projection functor in-
duced by the evaluation map on , (X; B)(S1 ;) p−! B. For any x1 2B, the bre space
over x1 is the loop space 
(X; x1), and so the fundamental groupoid of the bre space
over x1 is 1(
(X; x1)).
Now, if !2
(X; x1) is any loop in X based on x1, we have a homotopy equiva-
lence !⊗− :
((X; B)(S1 ;); Ix1 )!
((X; B)(S
1 ;); !), which induces an isomorphism
2((X; B)(S
1 ;); Ix1 ) = 2((X; B)(S
1 ;); !). Since the homomorphism 2((X; B)(S
1 ;); Ix1 )!
2(B; x1) has a section (that induced by the constant loop map, I :B! (X; B)(S1 ;)), we
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deduce that 2((X; B)(S
1 ;); !)! 2(B; x1) is surjective, and so we are in the hypothesis
of Proposition 16. Therefore there is an isomorphism of categorical groups
1(
(X; x1)) = W (X; B)x1 : (17)
Note that the ⊗-product on 1(
(X; x1)) is that induced on the fundamental groupoids
by the standard H -group map 
(X; x1)
(X; x1)!
(X; x1).
Let us now x a point x0 2B, and consider the space 
(X; B; x0)= f2X I j (0)2B
and (1)= x0gX I with the induced topology. There is a bration p :
(X; B; x0)!B
given by p()= (0), and then an induced cobration between the corresponding fun-
damental groupoids
1(
(X; B; x0))
p−! 1(B): (18)
We observe that there is a 1(B)-action of W (X; B) on 1(
(X; B; x0))
W (X; B)1(B)1(
(X; B; x0)) ⊗−! 1(
(X; B; x0))
given on objects by the concatenation of paths and on morphisms by the horizontal
composition of homotopies, and for which the constraints (10) are dened by the
standard homotopies proving the associativity and unit of the concatenation of paths.
Then we have the following :
Proposition 17. If B is contained in a path component of X; and 2(B; )= 0 for
all base points 2B; then 1(
(X; B; x0)) is a torsor over 1(B) under the cobred
Whitehead categorical group W (X; B).
Proof. From the hypothesis, it is clear that the cobration (18) is surjective on objects.
Therefore, according to Proposition 8, it is enough to observe that for any path in X ,
 : x1! x0, the functor = − ⊗  :W (X; B)x1 !1(
(X; B; x0))x1 is an equivalence.
However, we have a commutative diagram
where (a) is the isomorphism (17), (c) is the equivalence induced by the bre homo-
topy equivalence
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and (b) is the isomorphism obtained from Proposition 16, to the bration p :
(X; B; x1)
!B. Note that the bre over x1 is the space of loops in X , 
(X; x1), and, since
2(B; x)= 0 for all x, 1(
(X; x1)) = 1(
(X; B; x1)).
Let us note that the 1(B)-torsor 1(
(X; A; x0)) is not equivalent to the trivial
one. The projection functor p :1(
(X; B; x0))!1(B) restricts to the corresponding
groups of automorphisms of Ix0 and x0, respectively, to the homomorphism 2(X; B; x0)
! 1(B; x0) which, in general, is not surjective; thus p is not split.
2. Cohomology: Schreier theory for categorical torsors
Let us start by recalling that a morphism ’ :A!A0 of 2-groupoids is an equiva-
lence if it satises the following three conditions: (i) For every object A0 of A0 there
exist an object A of A and an arrow ’(A)!A0. (ii) For any objects A and B of
A and any arrow f0 :’(A)!’(B) there exist an arrow f :A!B and a homotopy
’(f)!f0. (iii) For any morphisms f; g :A!B in A, ’ induces a bijection between
homotopies f! g in A and homotopies ’(f)!’(g) in A0, [27].
For example, the cohomological classication of extensions of a group G by a
G-module can be established by showing an equivalence of 2-groupoids, as follows :
Example 18. Let G be a group and let M be a G-module. Let Ext(G;M) be the
2-groupoid of the extensions of G by M , i.e., the 2-groupoid whose objects are those
exact sequences E : 0!M i−! E p−! G! 1 such that eae−1= p(e)a, e2E, a2M . A
morphism f :E!E0 is a group isomorphism f :E!E0 such that fi= i0 and p0f=p,
and a homotopy a :f! g, for two morphisms f; g :E!E0 is a G-natural transforma-
tion from f to g, where every group homomorphism is seen as a functor, i.e., an
element a2M such that af(e)= g(e)a for every e2E. The composition of the mor-
phisms is given by the composition of the group homomorphisms and the horizontal
and vertical compositions of the homotopies are dened by the addition in M .
Let us now consider the 2-groupoid of 2-cocycles Z2(G;M). Its objects are maps
t :G2!M verifying the 2-cocycle identity xty; z+tx; yz = tx; y+txy; z and the normalization
identity tx;1 = 0= t1; x. A morphism between 2-cocycles d : t! t0 is a map d :G!M
such that t0x; y+d(xy)=
xd(y)+d(x)+tx; y and a homotopy a :d!d0 between morphisms
d; d0 : t! t0 is an element a2M such that d0(x)+a= xa+d(x), x2G. The composition
of morphisms t d−! t0 d
0
−! t00 is the map d+d0 :G!M dened by (d+d0)(x)=d(x)+
d0(x) for every x2G; and the vertical and horizontal compositions of homotopies are
given by the addition in M .
There exists a morphism of 2-groupoids E :Z2(G;M)!Ext(G;M) that carries a
2-cocycle t to the extension E t : 0!M !M t G!G! 1, dened by the group
M tG obtained by considering the product (a; x)(b; y)= (a + xb + tx; y; xy) on the set
M G; a morphism d : t! t0, to the morphism Ed :E t !E t0 dened by Ed(a; x)= (a+
d(x); x); and a homotopy a :d!d0, to the one dened by this same element a :Ed!Ed0 .
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It is clear that for any morphism of extensions f :E t !E t0 , there exists a unique
d : t! t0 (making f(0; x)= (dx; x)) such that Ed=f, and likewise the homotopies
a :d!d0 are exactly the homotopies Ed!E0d. Moreover, if E : 0!M !E!G! 1
is any extension of G by M , we have a factor set of the extension t 2Z2(G;M)
as follows : For each x2G choose an element ex 2E which maps to x, e1 = 1. Hence,
exey = tx; yexy, where tx; y 2M . We can immediately deduce from the associativity of the
multiplication on E that t is actually a 2-cocycle, and then that the map f :M t G!E,
f(a; x)= aex, is an extension morphism.
Thus, Z2(G;M) and Ext(G;M) are equivalent 2-groupoids. Of course, this implies
that the corresponding sets of connected components for both 2-groupids are equipotent,
i.e., Ext[G;M ] = H 2(G; A). This is the classical statement of the classication theorem,
but the equivalence of 2-groupoids involves more information: both 2-groupoids have
the same homotopy groups.
Recall [22, 27] that for a 2-groupoid A, 0(A) denotes its set of connected compo-
nents. Moreover, for each object A of A, 1(A; A) is the group of homotopy classes
of automorphisms on A, and 2(A; A) is the (abelian) group of homotopies from 1A
to itself. A morphism ’ :A!A0, of 2-groupoids, is an equivalence if, and only if,
’ induces a bijection 0(A)! 0(A0), and for any object A of A, isomorphisms of
groups i(A; A)! i(A0; ’(A)), for i=1; 2, [27].
For example, let G be a group, M a G-module, and E :Z2(G;M)!Ext(G;M) the
equivalence in Example 18. Let t 2Z2(G; A) be a 2-cocycle which is a factor set
of an extension E t . Since E is an equivalence, the induced maps 0(Z2(G;M))!
0(Ext(G;M)), and i(Z2(G;M); t)! i(Ext(G;M); E t), i=1; 2, are isomorphisms.
Now, 0(Z2(G;M))=H 2(G;M) the second cohomology group of G with coecients in
the G-module M , 1(Z2(G;M); t)=H 1(G;M) and 2(Z2(G;M); t)=H 0(G;M)=MG.
So the equivalence E gives three classication results : One for the equivalence classes
of extensions, by H 2(G;M), one for the homotopy classes of automorphisms on an
extension, by H 1(G;M), and one for the homotopies from the identity automorphism
on an extension to itself, by H 0(G;M).
Let us return to the general case of B being a category and G=(G;PG;⊗; a; I; l; r)
a B-categorical group. Then, the 2-groupoid Tors(B;G) is canonically based on the
trivial torsor Gtr . The homotopy groups of Tors(B;G), based on Gtr , have a rst
natural interpretation :
Proposition 19. (i) 0(Tors(B;G))=Tors[B;G]; the set of equivalence classes of
B-torsors under G.
(ii) 1(Tors(B;G);Gtr)= [G=B]; the group of B-equivalence classes of B-fun-
ctors S :B!G (i.e.; such that PGS =1B).
(iii) 2(Tors(B;G);Gtr)=NatB(I; I); the abelian group of B-natural equivalences
from the unit B-functor I :B!G to itself.
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Proof. (i) This is the denition of torsor equivalence.
To prove (ii) and (iii) let us just point out that 1 is the group of B-homotopy classes
of G-equivariant B-functors G!G and that 2 is the abelian group of G-equivariant
B-homotopies from 1Gtr to itself.
Now, for every G-equivariant B-functor T =(T; ) :G!G let us denote by FT = TI :
B!G, which is a B-functor; and for any B-functor F :B!G let TF :G!G be the
G-equivariant B-functor dened by TF(X )=X ⊗F(A), if PG(X )=A, together with
the B-isomorphisms TF(X ⊗Y )= (X ⊗Y )⊗F(A) a−! X ⊗ (Y ⊗F(A))=X ⊗TF(Y ).
It is easy to see that for any T , the isomorphisms T (X )
T (r−1)−! T (X ⊗ IA) −! X ⊗TIA=
TFT (X ) dene a G-equivariant B-homotopy T ! TFT ; in the same way that for any
B-functor F :B!G, the isomorphisms FTF (A)= IA⊗F(A) −! F(A) dene a B-
equivalence FTF !F . This proves (ii).
If we now consider two G-equivariant B-functors T; T 0 :G!G, we note that for any
B-homotopy  :FT !FT 0 , there exists a unique G-equivariant B-homotopy h : T ! T 0
such that hI = , determined by the commutativity of the diagram
T (X )
hX−−−−−! T 0(X )
T (r)
x????? T 0(r)
x?????
T (X ⊗ IA)
hX⊗IA−−−−−! T 0(X ⊗ IA)

?????y
?????y 
X ⊗FT (A)
X⊗A−−−−−!X ⊗FT 0(A)
for any X of G with PG(X )=A. Since F1GA =1GI = I we have proved (iii).
Now, keeping the Schreier theory for group extensions in mind, we shall develop
a factor set theory for categorical torsors. Then, a factor set for a torsor will be
an adequate system of descent datum to rebuild the torsor up to equivalence. Note
that Grothendieck’s equivalence between covariant pseudofunctors on a category and
cobrations dened over itself, [15], underlies all that follows.
Let us take a category B, and G=(G;PG;⊗; a; I; l; r) a B-categorical group. Since
the projection functor PG :G!B is a cobration, we can x a cocleavage for it, i.e., a
system  =( b(X ) :X ! bX ), consisting of a cocartesian b-morphism  b(X ) :X ! bX ,
for any morphism b :A!B in B and any A-object X of G. If b=1A :A!A is
an identity, we choose  1A(X )= idX for any X , and for any b :A!B we choose
 b(IA)= Ib : IA! IB.
Using this cocleavage, for any morphism b :A!B in B, any A-object X and any
B-object Y , we have a bijection
Homb(X; Y )
−! HomB(bX; Y ): (19)
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Also note that the morphisms of B act over the bre categories in the sense that every
morphism in B, b :A!B determines a categorical group homomorphism
b(−) :GA!GB X 7! bX (20)
which maps any A-morphism u :X ! Y to the B-morphism bu : bX ! bY , determined
by the commutative square
X
 −−−−−! bX?????y u
?????y bu
Y
 −−−−−! bY
and for which the B-isomorphisms
 : b(X ⊗Y ) −! bX ⊗ bY (21)
are the ones which cause the triangles
to commute. Let us remark also that for any b :A!B
bIA= IB (22)
and for any object A of B
1A(−)= idGA : (23)
If A b−! B c−! C are two composable morphisms in B, we have a monoidal homotopy
 b; c : c(b(−)) −! cb(−) (24)
dened on any object X 2GA by the commutativity of the square
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These monoidal equivalences  are coherent and normalized in the sense that for any
three composable morphisms A b−! B c−! C d−! D, the diagrams
d(c(bX ))
d −−−−−! d(cbX )?????y  
?????y  
dc(bX )
 −−−−−! dcbX
(25)
commute and
 1; b= id=  b;1: (26)
Let T =(T; ) :G!G0 be a B-homomorphism of B-categorical groups, and x the
cocleavages  =( b(X ) :X ! bX ) and  0=( 0b(X 0) :X 0! bX 0) for PG :G!B and
PG0 :G0!B, respectively. For any morphism b :A!B in B and any A-object X ,
there exists a unique B-isomorphism in G0
T (bX ) −! bT (X ) (27)
making the triangle
commutative. The B-isomorphisms (27) are natural in X and dene a homotopy be-
tween the homomorphism of categorical groups T (b(−)) and bT (−)
GA
b(−)−−−−−! GB
T
?????y T
?????y
G0A
b(−)−−−−−! G0B
which, furthermore, is coherent with the homotopies (24), in the sense that for any
pair of composable morphisms in B, A b−! B c−! C, the diagrams
are commutative.
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Let us assume now that E is a B-torsor under the B-categorical group G, with
PE :E!B the projection functor, and the action GE!E; (X; ) 7! X.
For each object A2B choose an A-object A 2E. Then, for each morphism of B,
b :A!B, choose a B-object tb 2G and a b-morphism b :A! tbB, with source A
and target tbB (such a morphism exists, since if we take  :A!  any b-morphism
with source A, then  and B are B-objects and there exists a B-isomorphism 
−!
tbB for some B-object tb 2G; the composite  gives the required b). When b=1A
is an identity morphism we take t1A = IA, the unit object of GA, and 1A =−10 :A!
IA(A).
Now, if A b−! B c−! C is a pair of composable morphisms in B, since cb is co-
cartesian, there exists a unique C-morphism tcbc! (ctb ⊗ tc)c making the
diagram
commutative. In addition, given the equivalence C :GC !EC , u 7! uC , this mor-
phism is written as (tc; b)C for a unique C-morphism in G:
tc; b : tcb
−! ctb⊗ tc: (29)
If A b−!B c−!C d−!D are three composable morphisms in B, the associativity law
states that (dc)b=d(cb) and from this, it is straightforward (though tedious) to deduce
that the diagram
tdcb
td; cb−−−−−! dtcb⊗ td?????y tdc; b
?????y dtc; b ⊗ 1
dctb⊗ tdc
1⊗ td; c−−−−−! dctb⊗ dtc⊗ td
(30)
in which we have omitted some canonical associativity morphisms (2), (21), (24); : : : ;
is commutative.
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Moreover, for any morphism b :A!B, since  1 = 1 and 1 =−10 , from the com-
mutativity of the diagram
we deduce the rst of the following two identities:
t1B; b= r
−1
B : tb! tb⊗ IB; tb;1A = l−1A : tA! IA⊗ tA (31)
with the second one deduced similarly.
The system of data t, consisting of the B-object tb for each morphism b :A!B in
B, and the C-isomorphism tc; b : tcb! ctb⊗ tc for each pair of composable morphisms
in B, A b−!B c−!C, is called a Factor set (or a Schreier system) for the B-torsor E
under G.
The factor set t for a torsor clearly depends on the choices of A and b. Let t0
be the new cocycle arising from second choices 0A and 
0
b. Then, for any object
A2B, A and 0A are two A-objects and there exists an A-object ’A 2G and an
A-isomorphism in E, uA :A
−! ’A0A; hence, for any morphism in B, b :A!B, we
have a unique B-isomorphism in G
’b : tb⊗’B −! b’A⊗ t0b (32)
making the following diagram
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commutative. It is then straightforward to show that for any pair of composable mor-
phisms A b−!B c−!C, in B, the following diagram
in which we have omitted some canonical associativity morphisms (2), (21); : : : ; is
commutative.
Observe also that for any object A2B, the diagram
is commutative.
The system of data ’, consisting of the A-object ’A 2G, for each object A2B, and
the B-morphism ’b : tb⊗’B −! b’A⊗ t0b for each morphism b :A!B in B, is called
a morphism (or coboundary) from the factor set t to t0.
The morphism ’ : t! t0 depends on the choices of ’A and uA. Let ’0 be the new
morphism arising from second choices ’0A and u
0
A :A! ’
0
A0A. Then, for any object
A2B, there exists a unique A-isomorphism in G
vA :’A!’0A (35)
making the following diagram in E commutative:
It is plain to see as well that for any morphism in B, b :A!B, the square
tb⊗’B
’b−−−−−! b’A⊗ t0b?????y 1⊗ vB
?????y bvA ⊗ 1
tb⊗’0B
’0b−−−−−! b’0A⊗ t0b
(36)
is commutative.
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The system v=(vA :’A ! ’0A)A2Ob(B), is called a homotopy between the morphisms
of factor sets, v :’!’0.
These observations suggest the following denitions. Let Z2(B;G) denote the 2-
groupoid whose objects are all the systems t=(tb; tc; b) called 2-cocycles, consisting of:
{ For every morphism b :A!B in B, a B-object tb 2G,
{ For any pair of composable morphisms A b−! B c−!C in B, a C-isomorphism
tc; b : tcb! ctb⊗ tc;
which satisfy the cocycle condition of making diagram (30) commutative, for any three
composable morphisms in B, and the normalization condition (31).
If t and t0 are 2-cocycles, a morphism ’ : t! t0 in Z2(B;G), is a collection ’=
(’A; ’b) consisting of the following data:
{ For every object A2B, an A-object ’A 2G;
{ For any morphism b :A!B in B, a B-isomorphism
’b : tb⊗’B! b’A⊗ t0b;
which should satisfy the conditions of making diagrams (33) and (34) commutative.
If ’; ’0 : t! t0 are two morphisms in Z2(B;G), a homotopy (or deformation)
v :’!’0 is a collection v=(vA) consisting of an A-isomorphism in G, vA :’A!’0A,
for each object A2B, such that the diagram (36) is commutative for any morphism
b :A!B in B.
The composition of two morphisms in Z2(B;G), t ’−! t0 ’
0
−! t00 is given by the
tensor product ’⊗’0, where (’⊗’0)A=’A⊗’0A for each object A2B, and for any
morphism in B, b :A!B, (’⊗’0)b is given by the composition
tb⊗’B⊗’0B
’b ⊗ 1−! ’A⊗ t0b⊗’0B
1⊗’b−! b’A⊗ b’0A⊗ t00b −! b(’A⊗’0A)⊗ t00b :
The vertical composition of two homotopies is given by composition in G, i.e., (wv)A=
wAvA for each object A2B, and the horizontal composition of homotopies by the tensor
product, (v⊗w)A= vA⊗wA.
So dened, it is easy to see that Z2(B;G) is actually a (weak) 2-groupoid, which we
call the 2-groupoid of 2-cocycles of category B with coecients on the B-categorical
group G.
Example 20 (The 2-groupoid of Eilenberg{MacLane 2-cocycles Z2(G;M)). Let G be
a group and M a G-module. We have the G-categorical group dened by the semidirect
group MG=(MG;pr; ⊗ ; id; I; id; id) as described in Example 1.3, and then the
2-groupoid of cohomology Z2(G;MG). Now, simply checking the denitions we
see that Z2(G;MG)=Z2(G;M), the 2-groupoid of Eilenberg{MacLane 2-cocycles
of G with coecients in the G-module M , as described in Example 18.
Example 21 (The 2-groupoid of Schreier factor sets Z2(G;H)). Let H be a group. If
we consider H as a category with exactly one object, then it is associated with the
categorical group of self-equivalences, Eq(H), which has the group Aut(H) as the
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objects and the holomorph group Hol(H) as the arrows. More precisely, an arrow
h :f! g is an element h2H with f=C(h)g, where C(h) is the inner automorphism
on H dened by h. Composition is the multiplication on H . The tensor product is
given by
(f h−! g)⊗ (f0 h
0
−! g0)= (ff0 h
gh0−! gg0):
Now, suppose we have two groups H and G. Then, we have the trivially cobred
G-categorical group Eq(H)G, and the 2-groupoid of cohomology Z2(G; Eq(H)G),
which we denote by Z2(G;H).
Then, a 2-cocycle t 2Z2(G;H) consists of an automorphism tx 2Aut(H), for each
x2G, and of an element tx;y 2H dening an arrow tx;y : txy! txty in Eq(H), i.e., with
txy =C(tx;y)txty, for each (x; y)2G2, and such that for any (x; y; z)2G3, (tx;y ⊗ 1tz)txy; z
=(1tx ⊗ ty; z)tx;yz, or equivalently that tx;y  txy; z = tx(ty; z)  tx;yz and t1 = idH , tx;1 = 1= t1; x,
x2G.
Thus, we see that the objects of Z2(G;H) are exactly Schreier factor sets of group
extensions of G by H .
Example 22 (The 2-groupoid of Dedecker’s 2-cocycles). It is well known that strict
categorical groups or, equivalently, groupoids in the category of groups, are the same
as Whitehead crossed modules, [7]. Recall that a crossed module is a system =
(H; ; ’; ) where  :H !  is a group homomorphism and ’ : !Aut(H) is an action,
for which the following conditions are satised:
(ah)= a(h)a−1; (h)h0= hh0h−1:
Given a crossed module , the corresponding strict categorical group G() can be
described as follows: The objects are the elements of the group ; an arrow h : a! b
is an element h2H with a= (h)b. The composition is multiplication in H . The tensor
product is given by
(a h−! b)⊗ (c h
0
−! d)= (ac h
bh0−! bd):
Now, let G be a group,  a crossed module and G() the categorical group dened by
. Let Z2(G;) denote the 2-groupoid of cohomology of G with coecients in the G-
categorical group G()G. Then, an object of Z2(G;) consists of two maps G! ,
x 7! tx, and G2!H , (x; y) 7! tx;y, such that (1) txy = (tx;y)  tx  ty; (2) tx ty; z  tx;yz =
tx;y  txy; z ; (3) tx;1 = 1= t1; x; t1 = 1; that is, t=(tx; tx;y) represents exactly a Dedecker
2-cocycle [12].
Let us note that a B-homomorphism of B-categorical groups T :G!H induces a
2-groupoid morphism
T :Z2(B;G)!Z2(B;H); (37)
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which carries a 2-cocycle t=(tb; tc; b : tcb! ctb⊗ tc)2Z2(B;G) to the 2-cocycle T(t)=
(T (tb); T (t)c; b) where, for any pair of composable morphisms, A
b−!B c−!C in B,
T (t)c; b is the composition
T (tcb)
T (tc; b)−! T (ctb⊗ tc) −! cT (tb)⊗T (tc):
If ’=(’B; ’b : tb⊗’B! b’A⊗ t0b) : t! t0 is a morphism in Z2(B;G), then T(’)=
(T (’B); T (’)b) :T(t)! T(t0) where for any morphism b :A!B in B, T (’)b is the
composition
T (tb)⊗T (’B) −! T (tb⊗’B) T (’b)−! T (b’A⊗ t0b) −! bT (’A)⊗T (t0b)
and a homotopy v :’!’0, v=(vA :’A!’0A); is carried to T(v)= (T (vA) :T (’A)!
T (’0A)).
It is straightforward to prove the following:
Proposition 23. If a B-homomorphism T :G!H is a B-equivalence; then the in-
duced T :Z2(B;G)!Z2(B;H) is an equivalence of 2-groupoids;
We will now prove the main result of this section.
Theorem 24. Let B be a category and G=(G;PG; ⊗ ; a; I; l; r) a B-categorical group.
There exists an equivalence of 2-groupoids;
Z2(B;G) −! Tors(B;G):
Proof. Let t 2Z2(B;G) be a 2-cocycle. Then, t denes a pseudo-functor B!Cat in
the sense of [15], for which : the associated category for each object A2B is GA, the
bre category of G over A; for each morphism b :A!B in B, the associated functor is
b= b(−)⊗ tb :GA!GB; and for each pair of composable morphisms A b−!B c−!C,
the natural equivalence c; b : (cb)! cb is given by the commutative diagrams
for X 2GA.
Thus, t [15] has an associated cobration Pt :Et !B, that can be described as fol-
lows: the objects of Et are pairs (X; A) with A2Ob(B) and X an A-object in G;
the arrows are pairs (u; b) : (X; A)! (Y; B), where b :A!B is a morphism in B and
u : bX ⊗ tb! Y is a B-morphism in G. The composition of two morphisms (X; A) (u; b)−!
(Y; B)
(v; c)−! (Z; C) is dened by (v; c)  (u; b)= (v  u; cb), where cb :A!C is the
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composition in B and vu : cbX ⊗ tcb! Z is the unique C-morphism in G, making the
diagram
commutative.
This composition is associative and unitary owing to the normalization and 2-cocycle
conditions of t. The cobration Pt :Et !B is given by Pt(u; b)= b. Note that any
morphism in Et is cocartesian since any bre category GA is a groupoid.
Furthermore, there is a B-action of G on Et dened by left tensor multiplication,
i.e., by making Z(X; A)= (Z ⊗X; A) for any object A2B and A-objects Z; X 2G, and
for any morphism (u; b) : (X; A)! (Y; B) in Et and any b-morphism v : Z! Z 0 in G,
v(u; b)= (vu; b) : (Z ⊗X; A)! (Z 0⊗Y; B), where vu : b(Z ⊗X )⊗ tb! Z 0⊗Y is the com-
position
b(Z ⊗X )⊗ tb −! bZ ⊗ bX ⊗ tb 1⊗ u−! bZ ⊗Y ~v⊗ 1−! Z 0⊗Y;
where ~v : bZ! Z 0 is the B-isomorphism corresponding to v : Z! Z 0 according to
the bijection (19), Homb(Z; Z 0)
−! HomB(bZ; Z 0). The B-natural equivalences
 : (X ⊗Y )(Z ⊗A) −! X (Y (Z; A)) and 0 : IA(X; A) −! (X; A) are given by the asso-
ciativity and unit constraints of G.
If A is an object in B, and (X; A) is any A-object in Et , the A-isomorphism
(r; 1A) : X (IA; A)! (X; A) holds, and it is immediately evident that for any A-objects
X; Y 2G, HomA(X; Y) −! HomA(X (IA; A); Y (IA; A)). Thus, the functor (IA; A) :GA!(Et)A;
X 7! X (IA; A), is an equivalence. So, according to Proposition 8(iv), Et is a B-torsor
under the B-categorical group G.
If t and t0 are 2-cocycles, each 2-cocycle morphism ’ : t! t0 denes a G-equivariant
B-functor E’ :Et !Et0 that sends an object (X; A)2Et to (X ⊗’A; A)2Et0 and a mor-
phism (u; b) : (X; A)! (Y; B) in Et to the morphism (E’(u); b) : (X ⊗’A; A)! (Y ⊗
’B; B) of Et0 , where the B-morphism E’(u) is the unique one making the following
diagram commutative:
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Note that the B-natural equivalences E’(X (Y; A))
−! XE’(Y; A) are obviously dened
by the associativity and unit constraints of G.
Moreover, if v :’!’0 is a homotopy in Z2(B;G) between two morphisms ’; ’0 :
t! t0, then it denes a homotopy in Tors(B;G), Ev :E’!E’0 , by imposing, for each
object (X; A), Ev(X; A)= (X ⊗’A⊗ IA r−!X ⊗’A 1⊗ vA−! X ⊗’0A; 1A) :E’(X; A)
−!E’0 (X; A).
So dened, it is evident that the three functions t 7!Et , ’ 7!E’ and v 7!Ev, dene
a 2-groupoid morphism E :Z2(B;G)! Tors(B;G), which we assert establishes the
stated equivalence.
To see this, let us suppose E to be a torsor over B under G, and let t be a factor
set of E, after choosing an A-object A 2E for any object A2B and a b-morphism
b :A! tbB for any morphism b :A!B in B. Then we see the existence of a torsor
morphism T :Et !E dened by making T (X; A)= XA, for each object (X; A)2Et ; and
for each morphism (u; b) : (X; A)! (Y; B) in Et , T (u; b) : XA! YB is the composition
in E
XA
 b(X )b−−−−−! bX (tbB) −! (bX ⊗ tb)B
uB−−−−−! YB:
Now, we observe that any torsor morphism T :Et !Et0 is homotopic to a torsor mor-
phism in the image of E :Z2(B;G)! Tors(B;G). For any object A2B, let us suppose
that T (IA; A)= (’A; A), for a particular A-object ’A 2G. Then, each morphism b :A!B
in B denes a b-morphism in Et0 by the composition
(’A; A)=T (IA; A)
T (l; b)−−! T (tb; B) −! T (tb(IB; B)) −! tb(’B; B)= (tb⊗’B; B);
which is written as a pair (’b; b) : (’A; A)! (tb⊗’B; B) for a unique B-morphism
’−1b :
b’A⊗ t0b! tb⊗’B. In this way, we nd a 2-cocycle morphism ’=(’A; ’b) :
t! t0, which induces a torsor morphism E’ :Et !Et0 homotopic to the given torsor
morphism T :Et ! Et0 , by the homotopy T ! E’, dened for each object (X; A)2Et
by the composition morphism
T (X; A) −! T (X ⊗ IA; A) −! X T (IA; A)=E’(X; A):
Finally, we see that for any two morphisms ’; ’0 : t! t0 in Z2(B;G), E induces
a bijection between homotopies v :’!’0 in Z2(B;G), and homotopies E’!E’0
in Tors(B;G). Given a homotopy h :E’!E’0 , let us write h(X;A)=(v(X;A); 1A):(X ⊗
’A; A)! (X ⊗’0A; A) for any object (X; A)2Et . Then we have a homotopy v=(vA :
’A!’0A)A from ’ to ’0, the unique one such that Ev= h, where for each object
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A2B, vA is determined by the commutative diagram
The 2-groupoid Z2(B;G) is canonically based on the trivial 2-cocycle tr, which is
recognizable as a factor set for the trivial torsor, and which is dened by trb= IB for
each morphism b :A!B in B, and trc; b= l−1C = r−1C : IC ! IC ⊗ IC , for each pair of
composable morphisms A b−!B c−!C.
The cohomology groups of B over G are dened as the homotopy groups of
Z2(B;G) based on the trivial cocycle. More precisely, we dene
H0(B;G)= 2(Z2(B;G); tr);
H1(B;G)= 1(Z2(B;G); tr)
(38)
and
H2(B;G)= 0(Z2(B;G)):
Note that H2(B;G) is a pointed set, based on the class of the trivial 2-cocycle,
H1(B;G) is a group and H0(B;G) is an abelian group.
By denition, the cohomology group H1(B;G) consists of homotopy classes of auto-
morphisms in Z2(B;G) of the trivial 2-cocycle tr. Now, an automorphism ’ : tr! tr
consists of an A-object ’A, for each object A2B, and a B-isomorphism ’b : IB⊗’B!
b’A⊗ IB for each morphism b :A!B in B; since we have the canonical B-isomorphisms
IB⊗’B l−!’B and b’A⊗ IB r−! b’A, it is clear that up till now ’b is equivalent to
presenting the B-morphism db :’B ! b’A, db= r’bl−1. If we make dA=’A for each
A2B, and rewrite the morphism conditions (commutativity of (33), and normaliza-
tion condition (34)) of ’ in terms of d, they state that for any pair of composable
morphisms in B, A b−!B c−!C, the diagram
dC
dcb−−−−−! cbdA
dc
?????y  
x????? 
cdB
cdb−−−−−! c(bdA)
(39)
is commutative (i.e., dcb= cdbdc up to a canonical isomorphism), and moreover
d1A = iddA (40)
for any object A2B.
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Now, suppose v :’!’0, is a homotopy between two automorphisms in Z2(B;G)
of the trivial cocycle tr. Let us make db= r’bl−1 and d0b= r’
0
bl
−1 as above, for each
morphism b :A!B in B. Then, the homotopy condition where the squares (36) are
commutative, in terms of d and d0, means that the square
dB
db−−−−−!bdA
vB
?????y bvA
?????y
d0B
d0b−−−−−!bd0B
(41)
is commutative for any morphism b :A!B in B; i.e., d0b  vB= bvA  db.
These facts suggest the following denitions. A derivation, or a crossed morphism,
from B to G is a system of data d=(dA; db), consisting of:
{ For every object A2B, an A-object dA 2GA.
{ For any morphism b :A!B in B, a B-isomorphism in G, db : dB! bdA which must
satisfy the derivation conditions of making the diagrams (39) commutative and of
obeying the normalization condition (40).
If d; d0 :B!G are two derivations, a homotopy v : d! d0, is a collection consisting of
an A-isomorphism vA : dA! d0A for each object A2B, such that d0bvB= bvAdb for any
morphism b :A!B in B.
According to the above observations, there exists a one-to-one correspondence be-
tween the automorphisms on the trivial 2-cocycle and the set of all derivations from B
to G, which we denote by Der(B;G). Moreover, homotopies between two automor-
phisms on the trivial 2-cocycle are in one-to-one correspondence with homotopies be-
tween the corresponding derivations. Der[B;G] denotes the group of homotopy classes
of all derivations from B to G. Let us remark that Der[B;G] has a group structure
induced by the tensor product of derivations, d⊗ d0, where (d⊗ d0)A= dA⊗ d0A for any
object A2B, and for any b :A!B, (d⊗ d0)b is the composition dB⊗ d0B
db⊗d0b−−−−! bdA⊗
bd0A
−! b(dA⊗ d0A).
Inner derivations from B to G arise in the same way as those corresponding to
the automorphisms of the trivial 2-cocycle that are homotopic to the identity automor-
phism, 1tr , which consists of the A-object IA, for each A2Ob(B), and the B-morphism
id : IB⊗ IB! IB⊗ IB for each morphism b :A!B in B. Observe that the derivation
corresponding to 1tr , dtr , is that for which dtrA = IA and d
tr
b = idIB , and therefore that a
derivation d :B!G is an inner derivation if, and only if, for any morphism b :A!B
in B one has
db= bvA  v−1B (42)
for a collection v consisting of an A-isomorphism vA : dA! IA for each object A2B.
In particular, we observe that homotopies from the trivial derivation to itself are
in bijection with those collections v=(vA : IA! IA) consisting of an A-automorphism
vA : IA! IA, for any object A2B, such that bvA= vB for any morphism b :A!B in B.
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Such a v is called a B-invariant element of G, and GB will denote the abelian group
of all the B-invariant elements of G (with the obvious multiplication by composition
vw=(vAwA)).
In summary, from Theorem 24, Proposition 19 and the above observations the fol-
lowing holds:
Theorem 25. For any B-categorical group G=(G;PG;⊗; a; I; l; r); the following iso-
morphisms exist:
NatB(I; I)=H0(B;G)=GB;
 [G=B]=H1(B;G)=Der[B;G];
Tors[B;G]=H2(B;G):
We conclude this section with three examples.
Example 26 (Cohomology of small categories and the classication of linear ex-
tensions). Let B be a small category and M :B!Ab a left B-module. Then we
have the B-categorical group semidirect product MB=(MB; pr;⊗; id; I; id; id),
as described in Example 1, the 2-groupoid of cohomology Z2(B; MB) and the
corresponding cohomology groups Hi(B; MB), i=0; 1; 2.
Now, by checking the denitions we see that a 2-cocycle t 2Z2(B; MB) consists
of an element tc; b 2MC for each pair of composable morphisms A b−!B c−!C in B,
such that for any three composable morphisms A b−!B c−!C d−!D, dtc; b+td; cb= td; c+
tdc; b, a 2-cocycle morphism ’ : t! t0 consists of an element ’b 2MB, for each mor-
phism b :A!B in B, satisfying t0c; b+’cb= c’b+’c+ tc; b for any pair of composable
morphisms A b−!B c−!C, and that a homotopy between two morphisms v :’!’0
consists of an element vA 2MA, for each object A2B, satisfying ’0b + vB= bvA + ’b
for any morphism b :A!B in B.
Then, we conclude that Hi(B; MB)=Hi(B; M), the usual cohomology groups
of B with coecients in the left B-module M :B!Ab, used in [29, 1, 35, 28].
In particular, Theorem 24 states that H 2(B; M)= Tors[B; MB], i.e., B-torsors
under MB are classied by H 2(B; M). Moreover, we saw in Example 13 that
Tors[B; MB]= Lin[B; N ], the set of equivalence classes of linear extensions of B
by M , so H 2(B; M)= Lin[B; M ] and we have Baues{Wirsching’s classication theorem
[3].
Example 27 (Cohomology of Galois commutative ring extensions). Let S=R be a
Galois extension of commutative rings with group G, and let us consider the
G-categorical group Pic(S)G=(Pic(S)G;P;⊗S ; a; S; l; r), of invertible
S-modules, described in Example 2. Then we have the 2-groupoid of 2-cohomology
Z2(G;Pic(S)G), and the corresponding cohomology groups, Hi(G;Pic(S)G),
for i=0; 1; 2.
142 A.M. Cegarra, L. Fernandez / Journal of Pure and Applied Algebra 143 (1999) 107{154
In this case, we see that a 2-cocycle t 2Z2(G;Pic(S)G) is a family of invertible
S-modules t, 2G, and S-isomorphisms t;  : t −! t⊗S t satisfying the associativ-
ity condition (t; ⊗ 1t) t; =(1t ⊗ t; ) t; . A 2-cocycle morphism ’ : t! t0 con-
sists of an invertible S-module P together with S-isomorphisms ’ : t⊗S P −! P⊗ t0,
satisfying (1⊗ t0;)’=(’⊗1)(1⊗’)t; ; and a homotopy between two morphisms
v :’!’0 is an S-isomorphism v :P −!P0 satisfying (v⊗ 1)’=’0(1⊗ v). In par-
ticular, a derivation d :G!Pic(S)G consists of an invertible S-module P together
with a family of S-isomorphisms d :P! P such that d= d  d, ; 2G. And a
G-invariant element of Pic(S)G is an S-automorphism on S, i.e., an element s of
U (S) such that s= s for all 2G.
Then, it is simple to check that the cohomology groups Hi(G;Pic(S)G) for
i=0; 1; 2, coincide with those Hi(G; S) dened by Hattory in [17] (see also [33]).
These Hi(G; S) are the cohomology groups of a cosimplicial complex of categories
with abelian group structure
C0(G;Pic(S))−!−!C1(G;Pic(S)) −!−!−! C
2(G;Pic(S))
−!−!−!−!   
where Cn(G;Pic(S)) is the category of all maps Gn!Ob(Pic(S)). Furthermore, let
us note that since S=R is a Galois extension, there are isomorphisms S ⊗R S =C1(G; S),
S ⊗R S ⊗R S =C2(G; S); : : : ; where Cn(G; S) is the R-algebra of all functions from Gn to
S. Then, for n 1, the category of Morita self-equivalences ME(S ⊗R S ⊗R : : :n)⊗R S)
is equivalent to ME(Cn(G; S)) and consequently also equivalent to Cn(G;ME(S)), the
category of all maps from Gn to the class of Morita equivalences from S to itself. But
ME(S)’Pic(S), and so the Hattory cosimplicial complex (Cn(G;Pic(S))) is equiva-
lent to the Amitsur cosimplicial complex
J =

ME(S)−!−!ME(S ⊗R S) −!−!−! ME(S ⊗R S ⊗R S)
−!−!−!−!   

considered in [34], to dene the cohomology groups Hi(J ); i 0.
In summary, we have the isomorphisms
Hi(G;Pic(S)G)=Hi(G; S)=Hi(J )
for i=0; 1; 2.
Let us remark that, taking into account the results of [17, Section 5] or
[34, Theorem 5.2] we have the isomorphisms
H0(G;Pic(S)G)=U (S)G;
H1(G;Pic(S)G)=Pic(R);
H2(G;Pic(S)G)=Br(S=R);
(43)
and then, by Theorem 25, we also deduce
Br(S=R)= Tors[G;Pic(S)G]: (44)
This is simply induced by the correspondence A 7!A, described in Example 14, which
associates a torsor to an Azumaya R-algebra A containing S as a maximal commutative
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subalgebra. Indeed, A is just the torsor corresponding by the equivalence of Theorem 24
to Kanzaki’s factor set of the Azumaya R-algebra A [21].
Example 28 (Cohomology of graded group-like monoidal categories). In [13] coho-
mology groups are dened, denoted here by FWn(G;G), for G a group and G a
strictly coherent group-like category stably graded over G, i.e., G-categorical group
G=(G; gr;+; a; 0; l; r), where the projection functor gr :G!G is the G-grading, en-
dowed with a coherent G-symmetry c=(cX;Y :X +Y ! Y +X ). We will prove that, for
n=0; 1; 2, the groups FWn(G;G) are isomorphic to our cohomology groups Hn(G;G).
Specically, this means that the commutativity c is superuous to dene the Frohlich{
Wall cohomology for low values of n.
That FWn(G;G) and Hn(G;G) coincide for n=0; 1, is a consequence of both co-
homology groups having known analogous interpretations: for n=0, the group of
G-invariant automorphisms of grade 1 of the zero object 0, [13, p. 262] and The-
orem 25 in this paper; and for n=1 the group of homotopy classes of G-functors
from G to G, [13, Proposition 7.6] and Theorem 25 in this paper.
Let us therefore examine the case n=2.
From the coherence theorem [13, Proposition 7.5], we can assume that G is a
G-graded group category in the sense of [13]. This means that all constraints a; l; r
and c are identity maps and the objects of G (and then the morphisms of a given
grade) form an abelian group. Let us briey recall the denition of Frohlich{Wall co-
homology groups. They are dened to be the cohomology groups of a cochain complex
   −!C1(G;G) −!C2(G;G) −!C3(G;G)−!   ; (45)
where, for n 0, Cn+1(G;G) is the group of maps c :Gn+1!Mor(G) such that
(i) the grade of c(0; : : : ; n) is 0,
(ii) the domain of c(0; : : : ; n) does not depend on 0,
and the coboundary  : Cn(G;G)!Cn+1(G;G) is given by
c(0; : : : ; n) = c(01; : : : ; n)  c(1; : : : ; n)−1+
n−1X
i=1
(−1)ic(0; : : : ; ii+1; : : : ; n)
+(−1)nc(0; : : : ; n−1):
Let Z2(G;G)= fc2C2(G;G) j c=0g be the group of Frohlich{Wall 2-cocycles. Any
c2Z2(G;G) has the form c(0; 1) : t1 ! s0 ; 1 (of grade 0); and the condition c=0
means that
c(01; 2)c(1; 2)−1 + c(0; 2)= c(0; 12): (46)
If we compare sources in (46), we see that s1 ; 2 + t1 = t12 . Therefore, a 2-cocycle
c necessarily takes the form c(0; 1) : t1 ! t01 − t0 , and it is plain to see that then
both members in (46) have the same source and target, for any 0; 1; 2 2G.
Now, let us x a cocleavage for G, i.e., an isomorphism of grade ,  = (X ) :
X ! X , for each object X 2G and 2G. Then, Hom(X; Y )=Hom1(X; Y ), u 7! u0=
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u −1, for any objects X; Y 2G; and the 2-cocycles c=(c(0; 1))2Z2(G;G) are in
one-to-one correspondence with the families c0 of objects t, 2G, and morphisms of
grade 1 c0(0; 1) : 0 t1 ! t01 − t0 , satisfying c0(01; 2)0c0(1; 2)−1 + c0(0; 1)=
c0(0; 12). Since the translations X 7!X + Y are automorphisms on the bre category
G1 (=Ker(G) in [13]), by making t0 ; 1 = c0(0; 1) + 1t0 we see that such a family
c0=(c0(0; 1)) is equivalent to a family t consisting of an object t, for each 2G
and a morphism of grade 1 t0 ; 1 :
0 t1 +t0 ! t01 , for each pair 0; 1 2G, in terms of
which a routine verication shows that the above 2-cocycle condition for c0 transforms
into (30).
Thus, we have a bijection Z2(G;G)=Ob(Z2(G;G)), c $ t, which, it is straightfor-
ward to see, induces another between the corresponding sets of cohomology classes,
i.e., FW 2(G;G)=H2(G;G).
3. The nine-term exact sequences
Let B be a category. A sequence of left B-modules S :M 0!M !M 00 is said
to be a short exact sequence if for any object A2B the corresponding sequence
0!M 0A!MA!M 00A ! 0 is a short exact sequence of abelian groups. When one con-
siders the sequence of B-categorical groups S denes, M 0B!MB!M 00B
(see Example 13), the short exactness condition for S transforms into the following
condition established for arbitrary sequences of B-categorical groups:
Denition 29. Let G0, G and G00 be B-categorical groups, j :G0!G and q :G!G00
B-homomorphisms. We say that G0 j−!G q−!G00 is a short exact sequence if the
following hold:
(a) q is a bration surjective on objects.
(b) The square
G0
j−−−−−! G
PG0
?????y q
?????y
B
IG00−−−−−!G00
is commutative.
(c) The induced G0 (PG0 ; j)−! BG00 G is a B-equivalence.
Note that q :G!G00 being a bration [15] means that for any object X 2G and any
morphism u00 : Y 00! q(X ) in G00 there exists a cartesian u00-morphism with target X ,
u : Y !X . If X 00 is an object of G00 with PG00(X 00)=A2B, then q−1(X 00)P−1G (A),
the bre category of G over A, which is a groupoid, and so q−1(X 00) is also a groupoid.
Therefore, if q :G!G00 is a bration, every morphism in G is cartesian over G00 [15].
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A Galois extension of commutative rings, S=R, with group G=Gal(S=R), gives an
interesting example of a short exact sequence of G-categorical groups
U (S)G j−!Pic(S)G q−! Pic(S)disG; (47)
where Pic(S)G is Frohlich{Wall’s G-categorical group of invertible S-modules de-
scribed in Example 2; U (S) is the G-module of the units of S, and U (S)G is
the G-categorical group semidirect product (see Example 1). The G-categorical group
denoted in (47) by Pic(S)disG is dened as follows: the objects are the elements
of Pic(S), the projective class group of S; an arrow  : [P]! [Q] is an element 2G
with [P] = [Q] (recall from Example 2 that Q denotes the same abelian group Q with
action from S by s  x= −1(s)x, s2 S, x2Q). The composition is the multiplication
in G. The projection functor P : Pic(S)disG!G is P()= ; the G-tensor product
([P] −! [Q])⊗ ([P0] −! [Q0])= ([P⊗S P0] −! [Q⊗S Q0])
and the unit functor I1 = [S] and I=  : [S]! [S] for each 2G.
Let us remark that the abelian group Pic(S) is a G-module with action [P] = [P],
and so the G-categorical group Pic(S)G is dened. But Pic(S)G and Pic(S)disG are not equivalent; in the rst one the group Pic(S), regarded as a groupoid
with only one object, is the bre category over 12G. In the second one the discrete
category, that is, having only identities, whose objects are the elements of Pic(S), is
the bre category over 12G.
The G-homomorphisms j and q in (47) are given by q(P)= [P], q(P
(f;)−!Q)=
([P] −! [Q]), j(1)= S and j(s; )= (S (s; )−! S), where s : S! S is the S-isomorphism
x 7! s−1(x)= x  s.
Next we will show that a short exact sequence of B-categorical groups G0 j−!
G q−!G00 induces a bre sequence of 2-groupoids Z2(B;G0)!Z2(B;G)!Z2(B;G00).
First, let us recall from [27] that a morphism of 2-groupoids ’ :A!A0 is a
(Grothendieck) bration if it satises the following two conditions:
(i) For any object B2A and any morphism f0 :A0!’(B) in A0, there exists a
morphism f :A!B in A such that ’(f)=f0.
(ii) For any morphism g :A!B in A, any morphism f0 :’(A)!’(B) in A0 and
any homotopy v0 :f0!’(g) in A0, there exists an arrow f :A!B and a homotopy
v :f! g in A such that ’(f)=f0 and ’(v)= v0.
Proposition 30. Let G0 j−!G q−!G00 be a short exact sequence of B-categorical
groups. Then; the induced q :Z2(B;G)!Z2(B;G00) is a Grothendieck bration of
2-groupoids; whose bre over the trivial 2-cocycle; q−1 (tr); is equivalent to Z2(B;G0).
Proof. Let t0 2Z2(B;G) be a 2-cocycle and ’00 : ~t! q(t0) a morphism in Z2(B;G00).
We observe that there exists a lifting ’ : t! t0 of ’00 as follows: Since q is surjec-
tive on objects, for any object B2B we can choose a B-object ’B 2G such that
q(’B)=’00B . Let b :A!B be any morphism in B. Since q is a bration, there exists
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a lifting Xb
ub−! b’A⊗ t0b of the composed B-morphism of G00 ~tb⊗’00B
’00b−! b’00A ⊗ q(t0b) −!
q(b’A⊗ t0b): Now, −⊗’B :GB!GB is an equivalence, and so there are a B-object Yb
and a B-isomorphism Yb⊗’B wb−!Xb. Since −⊗’00B :G00B !G00B is also an equivalence,
there exists a unique B-isomorphism v00b : ~tb! q(Yb) such that the diagram
commutes. Finally, we choose vb : tb! Yb, a lifting of v00b : ~tb! q(Yb), and dene
’b : tb⊗’B! b’A⊗ t0b to be the composite tb⊗’B
vb⊗1−! Yb⊗’B wb−!Xb ub−! b’A⊗ t0b.
Then ’=(’B; ’b) : t! t0 is a morphism in Z2(B;G) with q(’)=’00, where
t 2Z2(B;G) is the 2-cocycle consisting of the B-object tb for each morphism b :A!B
in B and the C-morphism tc; b : tcb! ctb⊗ tc uniquely determined by the commutativity
of (33) for each pair of composable morphisms A b−!B c−!C.
The second condition for Grothendieck brations is easier to verify than the rst
one. Let t; t0 2Z2(B;G) be two 2-cocycles, ’0 : t! t0 a morphism in Z2(B;G) and
v00 : ~’! q(’0) a homotopy in Z2(B;G00). Then we nd a homotopy v :’!’0 in
Z2(B;G) such that q(v)= v00, simply by choosing, for any object A2B, a lift-
ing vA :’A!’0A of v00A : ~’A! q(’0A), and by dening, for any morphism b :A!B in
B, ’b : tb⊗’B! b’A⊗ t0b, the unique B-isomorphism in G which makes the diagram
(36) commutative. Now a routine verication shows that q−1 (tr)=Z2(B;BG00 G).
Since (P; j) :G0!BG00G is a B-equivalence, from Proposition 23 we conclude that
j :Z2(B;G0)! q−1 (tr)Z2(B;G) is an equivalence of 2-groupoids.
It follows from [27] that a bre sequence of pointed 2-groupoids (A0; )! (A; )!
(A00; ) induces a homotopy exact sequence of groups and based sets,
0! 2(A0; )! 2(A; )! 2(A00; )! 1(A0; )!  !0(A00; ):
If we consider the homotopy sequence corresponding to the bre sequence Z2(B;G0)
j−!Z2(B;G) q−!Z2(B;G00) induced by a short exact sequence of B-categorical
groups, and take into account the identications (38), we can deduce the following:
Theorem 31. Let G0 j−!G q−!G00 be a short exact sequence of B-categorical
groups. There exists a nine-term exact sequence of groups and pointed sets:
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As an example consider S=R, a Galois extension of commutative rings with group
G=Gal(S=R), and the short exact sequence of G-categorical groups (47). Then,
Hi(G;U (S)G)=Hi(G;U (S)), the usual cohomology of G with coecients in
the G-module U (S), for i=0; 1; 2, and we have H0(G;Pic(S)G)=U (S)G =
H 0(G;U (S)), H1(G;Pic(S)G)=Pic(R) and H2(G;Pic(S)G)=Br(S=R) (see
Example 27).
First analyse the cohomology of G with coecients in Pic(S)disG. Let us recall
that in Pic(S)disG
Hom([P]; [Q])=
(; if [P] 6= [Q];
fg if [P] = [Q]:
In particular, Aut1([S])= f1g and H0(G; Pic(S)disG)= 0, by Theorem 25. Further-
more, a derivation d :G! Pic(S)disG consists of an element [P]2Pic(S) such that
1 : [P]! [P] is a morphism, i.e., [P] = [P] for any 2G. Then, by Theorem 25,
H1(G; Pic(S)disG)=Pic(S)G. Finally, by checking the denition we see that a
2-cocycle in Z2(G;Pic(S)disG) consists of an element [P] 2Pic(S) for each 2G
such that [P]= [P]⊗ [P] for any ; 2G; but then  7! [P] is just a deriva-
tion from G to the G-module Pic(S), and the isomorphism H2(G; Pic(S)disG)=
H 1(G; Pic(S)) follows. Then the exact sequence of Theorem 31 corresponding to the
short exact sequence of G-categorical groups (47), reduces to
0! H 1(G;U (S))! Pic(R)! Pic(S)G!H 2(G;U (S))!Br(S=R)
! H 1(G; Pic(S));
the well known Chase{Harrison{Rossenberg exact sequence [11].
We shall note that, even though the category of crossed modules is equivalent to
the category of strict categorical groups (see Example 3), and by this equivalence a
surjective morphism of crossed modules 
q
 00 corresponds to a surjective on objects
bration of categorical groups G() G(q)−! G(00), Dedecker’s kernel 0=Ker(q), [12],
does not make the sequence G(0)!G()!G(00) an exact sequence of categorical
groups in the sense of Denition 29, i.e. G(Ker(q)) is not equivalent to Ker(G(q)).
This is the reason why the exact sequence for Dedecker cohomology [12], does not
specializes from (48) (cf. [8]).
4. Homotopy classication
Let  be the category of ordered sets [n] = f0; 1; 2; : : : ; ng, n 0, and increasing
mappings. Then the category of simplicial sets is the category of functors op! Set.
In this section we use a few well-known denitions and facts about simplicial sets (see
[26, 14] or [18]).
Below we regard each ordered set [n] as a category with exactly one arrow i! j if
i j. Then a non-decreasing map [n]! [m] is the same as a functor.
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Let B be a small category. If Fun([n];B) denotes the set of functors [n]!B, n 0,
then we have a simplicial set Fun(−;B) : op! Set which is called the (Grothendieck)
nerve of the category and is denoted by Ner(B). Thus, Ner0(B)=Ob(B),
the set of objects in B, Ner1(B)=Mor(B), the set of morphism in B, and for n 2
an n-simplex of Ner(B) is a tuple
(Bi
bij−! Bj)0 i<j n
of morphisms in B such that bjk  bij = bik if i<j<k, or equivalently a composable
sequence of morphisms in B, B0
b01−! B1 b12−! B2!    !Bn−1 bn−1; n−! Bn. For example,
if [m]2, Ner([m])=[m] is the standard m-simplex. If a group G is regarded as a
category with exactly one object, then Ner(G) is the Eilenberg{MacLane simplicial set
K(G; 1).
Now, let us suppose we are given a B-categorical group G=(G;PG;⊗; a; I; l; r). If
q :C!B is any functor, let qG denote the C-categorical group obtained by pulling
back G along q, i.e., by the cartesian square
qG−−−−−! C?????y q
?????y
G
PG−−−−−! B
We introduce the nerve of G, denoted by Ner(G;PG;⊗), as the simplicial set dened
by
[n] 7!Nern(G;PG;⊗)=
[
b:[n]!B
Z2([n]; bG); (49)
where b : [n]!B is any functor, i.e., any n-simplex of Ner(B), and for each b : [n]!
B, Z2([n]; bG) is the set of 2-cocycles of [n] with coecients in the [n]-categorical
group bG.
Then Ner0(G;PG;⊗)=Ob(B), the set of objects of B, a 1-simplex x2Ner1(G;PG,
⊗) is a pair x=(X01; b01 :B0!B1), where b01 : B0!B1 is a morphism in B and X01
an object of G such that PG(X01)=B1, i.e., X01 is B1-object of G; and for n 2, an
n-simplex of Ner(G;PG;⊗) is a tuple
x=(uijk ; Xij; bij; Bi)0 i<j<k  n
consisting of an object Bi 2B for each 0 i n; a morphism bij :Bi!Bj in B for
each 0 i<j n, such that bjk  bij = bik if i<j<k; a Bj-object Xij 2G, for each
0  i<j n and a Bk -morphism uijk :Xik −! bjk Xij ⊗ Xjk , for each 0 i<j<k  n,
A.M. Cegarra, L. Fernandez / Journal of Pure and Applied Algebra 143 (1999) 107{154 149
such that if 0 i<j<k<l n the diagram
is commutative.
If PG : G ! B is a bration (then a bibration) there is a (Kan) bration of
simplicial sets
Ner(G;PG;⊗) ’
s
Ner(B) (51)
given by ’(uijk ; Xij; bij; Bi)= (bij; Bi), which has a cross-section given by s(bij; Bi)=
(l−1IBk ; IBi ; bij; Bi), and whose bre ’
−1(B) over an object B2B, can be described as fol-
lows: ’−1(B)0 = fBg, i.e., ’−1(B) is a reduced simplicial set; ’−1(B)1 = fX 2Ob(G)=
PG(X )=Bg=Ob(GB), the set of objects of the categorical group bre of G over B,
and for n 2 an n-simplex of ’−1(B) is a tuple of morphisms in GB
x=(Xik
uijk−! Xij ⊗ Xjk)0i<j<k  n
such that if 0 i<j<k<l n, then (uijk ⊗ 1) uikl=(1⊗ ujkl)uijl.
Thus, we see that for any object B2B, ’−1(B)=Ner(GB;⊗), the nerve of the bre
categorical group GB studied in [10] (i.e., the nerve of the bre is the bre of the
nerve). This is a reduced Kan-complex, whose homotopy groups are
i(Ner(GB;⊗))=
8<
:
0 i 6= 1; 2;
[GB] the group of connected components of GB; i=1;
AutB(IB) the group of B-automorphisms in IB, i=2:
Let us note that if G=(G;⊗; a; I; l; r) is any categorical group, B is any category and
we consider the B-categorical group GB=(GB; pr;⊗; a; I; l; r), where GB is
the product category, and pr : GB!B the projection functor, then Ner(GB,
pr;⊗)=Ner(G;⊗)Ner(B).
For an example consider a group G, a G-module M and the G-categorical group
semidirect product it denes, MG=(MG;pr;⊗; a; I; l; r), as in Example 13, whose
bre categorical group is the one dened by the abelian group M . Then
Ner(G)=K(G; 1), the aspherical Eilenberg{MacLane minimal complex with
fundamental group G, Ner(M;⊗)=K(M; 2), the Eilenberg{MacLane minimal complex
with second homotopy group M , and Ner(MG;pr;⊗)=L(MG; 2) the generalized
Eilenberg{MacLane minimal complex with 1(L(MG; 2))=G, 2(L(MG; 2))=M as G-
module and i(L(MG; 2))= 0 for all i 6=1; 2 (to see this, note directly from the denition
that Nern(MG;pr;⊗)=Mn(n−1)=2Gn). The split bration (51) gives in this case the
150 A.M. Cegarra, L. Fernandez / Journal of Pure and Applied Algebra 143 (1999) 107{154
split bre sequence
K(M; 2)
i
,! L(MG; 2) ’
s
K(G; 1): (52)
By obstruction theory the bre sequence (52) is unique up to bre homotopy equiv-
alence, i.e., it depends only on G and M , and furthermore the problem of classifying
the cross-sections of ’ : L(MG; 2)!K(G; 1), up to bre homotopy, is solved by the
cohomology group of G with coecients in the G-module M , i.e., there is a bijection
 [L(MG;2)=K(G;1)]=H 2(G;M).
Our main result in this section is:
Theorem 32. Let B be a small category and G=(G;PG;⊗; a; I; l; r) a bibred B-
categorical group. Then there is a bijection
 (Ner(G;PG ;⊗)=Ner(B))=Z2(B;G) (53)
between the set of simplicial cross-sections of the bration ’ :Ner(G;PG;⊗)!
Ner(B) and the set of 2-cocycles on B with coecients in G.
Moreover, two 2-cocycles are in the same cohomology class if and only if, their
corresponding cross-sections are bre homotopic. Consequently, the above bijection
induces another one,
 [Ner(G;PG ;⊗)=Ner(B)] = H2(B;G); (54)
between the set of bre homotopy classes of cross-sections of ’ and the 2-cohomology
set of B with coecients in G.
Proof. First, let us note that if n 3, and any n-simplex x=(uijk ; Xij; bij; Bi) of
Ner(G;PG;⊗) is completely determined by any three of its faces, and therefore by
its two-dimensional faces. Observe that for 0m n the mth face of x is dm(x)=
(um(i);m( j);m(k); Xm(i);m( j); bm(i);m( j); Bm(i)), where m : [n− 1]! [n] is the injective
non-decreasing map which does not take the value m2 [n]. Then, if one knows dm(x),
dr(x) and ds(x), 0m<r<s n, one knows all Bi’s, bijs and Xijs, and all uijks except
umrs; but taking any i =2 fm; r; sg, which exists because n 3, and the corresponding
diagram (50) for i; m; r and s (in their given order) we see that umrs is also determined
by the others.
Let  :Ner(B)!Ner(G;PG;⊗) be a cross-section of ’. Then 0 is the identity
map on objects of B and, according to the above observations,  is determined by
i :Neri(B)!Neri(G; PG;⊗) for i=1; 2. Now, 1 has the form 1(A!B)= (tb; A b−!
B), where tb is a B-object of G; and then, using the simplicial identities, 2 has the
form 2(A
b−! B c−! C)= (tc; b; tb; tc; tcb; b; c; A; B; C), where tc; b : tcb−! ctb ⊗ tc is a
C-morphism in G. From the simplicial identities, we see that t=(tb; tc; b) is actually a
2-cocycle in Z2(B;G), which clearly determines 1 and 2, and then . Moreover, any
2-cocycle t 2Z2(B;G) arises from a cross-section  dened as follows: If b : [n]!B
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is an n-simplex of Ner(B), then (b)= b(t), where b :Z2(B;G)!Z2([n]; bG) is
the map induced by the functor b. Thus  7! t establishes the announced bijection.
Now, let us consider the product category B [1], which is a B-category via
the projection functor pr :B [1]!B, the inclusion B-functors u0; u1 :B!B [1],
ui(x)= (x; i), i=0; 1, and the B [1]-categorical group prG=G [1]. Then, we
claim that the sequence
Z2(B [1];G [1])
pru0
−−−−−!−−−−−!
pru1
Z2(B;G)  H2(B;G) (55)
is a coequalizer: If T 2Z2(B [1];G [1]) is a 2-cocycle such that pru0 (T )= t and
pru1 (T )= t
0, we nd a 2-cocycle morphism in Z2(B;G), ’ : t! t0 by putting for each
object A2B, ’A=pr(T(1A;)), where  : 0! 1 is the unique non-identity morphism of
the category [1], and for each morphism b :A!B in B, ’b : tb ⊗ ’B! b’A ⊗ t0b the
projection in G of the composite morphism in G [1]
T(b;0) ⊗ T(1B; )
T−1(1; ); (b; 0)−−−−−!T(b; )
T(b; ); (1; )−−−−−!(b;1)T(1A; ) ⊗ T(b;1)
(note that (b; )= (b; 1)(1A; )= (1B; )(b; 0) in B [1]). It is straightforward to see
that 2-cocycle conditions for T are equivalent to 2-cocycle morphism conditions for
’ : t! t0. Conversely, any 2-cocycle morphism ’ : t! t0 denes a 2-cocycle T on
B [1] with coecients in G [1] such that pru0 (T )= t and pru1 (T )= t0 by mak-
ing, for each morphism b :A!B in B, T(b;0) = (tb; 0), T(b;1) = (t0b; 1) and T(b; ) = (b’A⊗
t0b; 1), and for each pair of composable morphisms in B, A
b−! B c−! C, T(c;0)(b;0) =
(tc; b; 0), T(c;1)(b;1) = (t0c; b; 1), T(c;1)(b; ) = (1⊗ t0c; b; 1) and T(c; );(b;0) = ((c’b ⊗ 1)−1(1⊗
t0c; b); 1).
Now, we know that Z2(B;G)= (Ner(G;PG ;⊗)=Ner(B)) and Z2(B [1];G [1])=
 (Ner(G [1];PG 1;⊗)=Ner(B [1]))= (Ner(G;PG ;⊗)[1]=Ner(B)[1]). However, the cross-
sections of Ner(G;PG;⊗)[1] ’ 1−! Ner(B)[1] are in one-to-one correspondence
with those simplicial homotopies H :Ner(B)[1]!Ner(G;PG;⊗), between cross-
sections of ’ :Ner(G;PG;⊗)!Ner(B), which are stationary over Ner(B) (i.e., such
that ’H :Ner(B)[1]!Ner(B) is the identity homotopy). Therefore, the coequali-
zer sequence (55) gives the stated bijection (54).
The above theorem, together with Theorem 25, also establishes that there is a
natural bijection between the collection of equivalence classes of B-torsors under a
B-categorical group G, and the collection of bre homotopy classes of cross-sections
from Ner(B) to Ner(G;PG;⊗), that is
Theorem 33. Let B be a small category and let G be a bibred B-categorical group.
There exists a bijection
 [Ner(G;PG ;⊗)=Ner(B)]= Tors[B;G]: (56)
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For a small category B, its classifying space B(B) is the geometric realization of
the simplicial set Ner(B), i.e., B(B)= jNer(B)j. If G is a B-categorical group, we
dene its classifying space by B(G;PG;⊗)= jNer(G;PG;⊗)j. The Kan bration (51)
gives a Serre bration, with a cross-section
B(G;PG;⊗) j’j B(B); (57)
whose bre over any base point A is homeomorphic to B(GA;⊗), the classifying space
of the categorical group GA, bre of G over A. Then, from Theorems 25 and 32 we
deduce the existence of the bijections
Tors[B;G]= [B(G;PG ;⊗)=B(B)]=H2(B;G); (58)
where  [B(G;PG ;⊗)=B(B)] is the set of bre homotopy classes of cross-sections for j’j.
Let us recall that any CW-complex X is homotopy equivalent to the classifying
space of a small category [28, 18]: the category of simplices (X ) is that whose
objects are pairs (n; ), where n 0 and  :n!X is a continuous map; and an ar-
row u : (n; )! (m; ) is an arrow u : [n]! [m] in  with the property = u(). Then
there exists a homotopy equivalence X ’ B((X )). Moreover, any path-connected CW-
complex F with trivial groups in dimensions other than 1 and 2 has the homotopy type
of a categorical group [31, 25, 10]: Let W (F; )=W (F; F1; ; ) be the Whitehead
categorical group of homotopy classes in F of loops in 1-skeleton F1 (see Exam-
ple 3). Then there exists a homotopy equivalence F ’ B(W (F; )) if i(F; )= 0 for
all i 6= 1; 2.
It seems that the homotopy classication of B-categorical groups is equivalent to
the homotopy classication of Serre brations Y !X , which have a cross-section and
whose bres F have trivial homotopy groups in dimensions other than 1 and 2, and con-
sequently the bijections (58) are suitable to algebraically describe all the sets  [Y =X ].
We will not undertake it here, but a particular case is easy to show.
For example, consider the case of a trivial bration F X !X , where X is a CW-
complex with the homotopy type of a polyhedron jK j associated to a simplicial complex
K , and F is a pointed path-connected CW-complex with i(F; )= 0 for all i 6= 1; 2.
If we regard K as the category dened by the ordered set of its simplices, then the
classifying space B(K) is the polyhedron dened by the simplicial complex whose
vertices are the simplices of K and whose simplices are nite non-empty collections
of simplices of K which are totally ordered; that is, B(K)= jsd(K)j is the polyhedron
dened by the barycentric subdivision of K . Thus, X has the same homotopy type
as category K . Furthermore, F ’ B(W (F; );⊗), F X ’ B(W (F; )K;pr;⊗), and
 [F  X =X ] = [X; F], the set of homotopy classes of maps X !F ; thus the bijections
(58), particularize to
Tors[K;W (F; )]= [X; F]=H2(K;W (F; )); (59)
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where Tors[K;W (F; )] denotes the set of equivalence classes of torsors over K under
the trivially cobred categorical group W (F; ), i.e., by the projection W (F; )K!K ,
and analogously H2(K;W (F; ))=H2(K;W (F; )K).
As a last example, let K be a simplicial complex as above, 1(K) the edge-path
groupoid of K , and M :1(K)!Ab any functor from 1(K) to the category of abelian
groups. If we regard K as the category dened by the ordered set of its simplices, then
M denes a left K-module and we have the K-categorical group MK =(MK;
pr;⊗; a; I; l; r) dened as in Example 1. Then we know that B(K) ’ jK j, the poly-
hedron dened by K , H2(K;MK)=H 2(jK j; M), the cohomology of jK j (see Ex-
ample 26) with coecients in the local system M , and Tors[K;MK]= Lin[M;K],
the set of equivalence classes of linear extensions of K by M (see Example 13). If
L(MK; 2)=B(MK;pr;⊗) denotes the classifying space of the K-categorical group
MK , we have a Serre bration with a cross-section
L(MK; 2)
j’j jK j;
where, for each vertex v2K , the bre over v is an Eilenberg{MacLane space of
type (Mv; 2) and such that the action of 1(K; v) 1(L(MK; 2); v) on the group Mv
2(L(MK; 2); v) coincides with the given one. The bijections (58) particularize to
Lin[M;K]= [L(MK ;2)=jKj]=H 2(jK j; M):
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